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1 Omnucanme padboOTHI

Bo BTOpOM cemecTpe s o3HaKOMEJIACH ¢ TaKOil mporpaMmoii kak LaTex, Koropas rmoMmoraer B
HAITMCAHUE MaTeMaTu4IecKux (opMyJi, IIEHTPUPOBAHUK UX, aBTOHYMEPAIH, PACCTAHOBKE IIePEeHO-
coB 1 oTcTynoB. [lepBoe 3atanne ObLIO O3HAKOMUTEIHLHBIM, BBIIIOJIHASA €0 1 y3HAJ O IPABUILHOI
CTPYKTYPE JIOKYMEHTa U O CHEIUAJIBHBIX cCUMBOIax. Bo BTopoit pabore ObLI0 HEOOXOIUMO HTEPEHEe-
CTH TIeJIBII Taparpad U3 KHUTH, UCIIOJIL3Yd MHCTYPMEHTHI IIporpaMMbl. Ha ee BbItosienne monao-
OMJI0CH 1yTh OOJIbITIE BpDEMEHH, YTOOBI CIe/IaTh JJOKYMEHT MaKCUMAaJIbHO IIPUOJIM?KEHHBIM K OPUTHU-
HaJIy, HO PE3Y/IbTAT CTOUJI IIOTPAIECHHOIO BpeMeHn. ¢ u3ydasia MHOKECTBO MHTEPHET-UCTOTHUKOB,
CMOTpeJIa CKPUHKACTHI, IpejcTaBieHuble Ha caiite Kadeapbl UMO Ilerpl'y, urobbl y3HATH, KaK
0(OPMHUTH TEKCT MPAMBJILHO. B TpeTheM 3a/IaHuu s HAY INIACh HCIIOIL30BaTh Iporpammy Gnuplot
JIJ1s1 co3/tanus rpauKoB (PYHKIUI U COOTBECTBEHHO MX JI0OABJIEHUIO B JOKYMEHT. ¢ camTaro, 4To
LaTex odenn ymobnag mporpaMma, XOTh U TPeOYeT HEKOTOPOI0 MaCTEPCTBA.

B obmem, g cumraro, uro msydenne LaTex ObLIO O4YeHDb TOJIE3HBIM JIJIsi MEHS, TaK KaK 9TO
OYeHb BasKHBII MHCTPYMEHT JIJIsT HAIIMCAHUS HAyJIHBIX PabOT U JTOKYMEHTOB, KOTOPBIN HUCIIOJIb3Y-
eTcs BO MHOI'MX O0JIACTAX HAYKM U TeXHUKH. # mIpojio/kKalo nu3ydaTh MporpaMMy U HaJIeI0Ch, YTO
B OY/IyIIIeM CMOTY UCIIO/Ib30BATh €€ JIJIsi HAITMCAHUA CBOUX HAYYIHBIX PA0OT WM ITyOIUKAITHT

2 PesyabraTnhl paboThbl

2.1 3ananue 2

B cuMBoIIYECKOlT 3aIiCh 9TO YCIOBHE BBINIAANT CJIELYIOIIM 00pa3oM:
Ve>0 dng VeeX Vn>ng Vp>0:|foy(z)— folx)le. (1)

> 1. IIycrp
1.3

Badukcupyem mponsBobHO € > 0. st Hero B cuiy (31.7) cymmecTByeT Takoil HOMeEp ng, 9TO JIJIs
BCEX N > ng U BeeX & € X BBINOJIHIETCS HEPABEHCTBO

[fn (@) = f ()] <&/2

[TosTomy Jiytst Bcex Touek x € X, Bcex HOMEpPOB 1 > ng u Bcex p = 0, 1,2, ... umeem

Fat (@) = fal = Ut (2) = £ @) + [F (@) = fu (@)]] <
< oty (@) = f @)+ 1fo (@) = f (@) < S+

3

7 — &

T. €. BbINOJIHsIeTCs yesosue (12)

2. Ilycrs BeImOSHsCTCH yesmoBue (12); Torga B Kaxkoit Touke r € X mOC/IE0BATEIHHOCTD
{fn (X)} ynosrersopsier kpurepuio Kommm cXOIUMOCTH YUCIOBBIX MOCJIEJI0BATEILHOCTEN U, CJie-
JoBaTebHo, cxomuresd. O6o3HaunM Tpejien nociaenoBarenbuoctu { f,} Ha MHOXKecTBe X uepes

f(z)=lim f,(x), ze€X (2)
T—00
[lepeiizis K mpesiesty B mocsieineM HepasrecTBe (12) pu p — 00, B cuity (13) mostydauM, 9To st
BCEX HOMEPOB 1 > Mg U BCeX TOUeK & € X BbIosmHsgercs nepaserctso |f (z) — f, (z)| < e.
DTO 1 03HAYAET PABHOMEPHYIO CXOAUMOCTD TocseoBaressbHocT GyHKiwit { f,} K dyuxmun f

Ha MHOXKecTBe X. <
Onpenenenne 2. Pan

Zun(:v), reX (3)
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HA3BIBACTCS PAGHOMEPHO CTOOAULUMCH HA MHOHCECMEE X, €CJIN Ha, & PABHOMEPHO CXOJIUTCS TTOCTIe-
JIOBATEJIbHOCTD €0 YACTUIHBIX CYMM.

OueBHUTHO, 9ITO Psifl, PABHOMEPHO CXOISIIIICS Ha MHOYKeCTBe X , CXOIUTCsT HA 9TOM MHOYKECTBE.
[Iyctn

s () :Zun(x), Sp () :Zuk(x)

ur,(r)=s(x)—s,(x)= Z uy () — ocraTok psjga. PaBHomMepHas cxomuMocTb psia i Uy, ()
COIVIACHO OIPEJICJICHIIO 0311;3%516’1‘, 910 "
su(x) Ss(a). W
DTO yCI0BHE PABHOCHIILHO YCJIOBHE
s(z) — sn(x)?O. (5)

Nuatve roBopst, paBHoMepHasd CXOIUMOCTD PAIa HA MHOXKeCcTBe X O3Ha4YaeT PAaBHOMEPHYIO CXO-
JuMocTh Ha X K HYJIIO [TOCJIEJI0BATETLHOCTH €ro ocTaTKOB. OTCI0/Ia B CUJLY JIEMMBI [IOJIyYaeM, ITO
Jtst Toro 9Tobbl psizt (31.12) paBHOMEpHO cxonmcsa Ha MHOXKeCTBe X, HEOOXOAUMO U JIOCTATOUHO,
ITOOBI
lim sup |r,(z)| = 0. (6)

X

n—0o0

Bameuanue 2. Ecim Kakme-TO psifbl pAaBHOMEPHO CXOIAATCH Ha HEKOTOPOM MHOXKECTBE, TO
u J106asi X KOHUYEHas! JIMHEefiHas KOMOWHAIMS PABHOMEDPHO CXOJMUTCS HA 9TOM MHOXKECTBE (CM.
3aMedaHue 1).

Teopema 2. (Heobxomumoe ycjioBue paBHOMEpHOiT cxoaumoctu psaja). Beau pad (14) pasmo-
MEPHO CTOOUMCS Ha mHodcecmee X, Mo nosedosamesbHOCmb €20 YAEHOE PAGHOMEPHO CIPEMUM.-
CA K HYA0 Ha IMOM MHodcecmee. > B camoMm nmeie,

un(x) = sp(x) — sp_1(z), n=2,3,.. (7)

B ciyuae pasBnomepmoii cxoxumoctn na Muoxkecrtse X psga (14) mociaegosarensunoctu {s,(z)} u
{$n_1(x)} ero yacTu9HBIX CyMM paBHOMEDHO cTpeMsiTcs Ha X K ero cymme s(z):

sn(x)?s(x), sn_l(m)?s(x),
I09TOMY
Sp(x) — sn,l(w)?o,
a 970 B cuity (18) m o3magaer, 9To

un(:p)?()ﬁ (8)

OTMeTHM, 9T0 COrIaCHO JieMMe 1 Jjijist Toro, 9Tobbl ObLI0 BbINoIHEHO yesoBue (19), Heobxoaumo
U JOCTATOYHO, YTOOBI BBITIOJIHAIOCH YCJIOBUE

lim Sl)l(p lun(x))] = 0. (9)

n—oo

Teopema 3 (kpurepuit Komu paBaoMepHOil cxoauMocTs paia). as mozo wmobwv psd (14)
PABHOMEPHO CXOOUACA HA MHodcecmae X | Heobxodumo u docmamourno, 4mobv, dis 0bozo € > 0
CYWECMBOBAN MAKOT, HOMED N, MO dasa ecex ng, ecex p = 0,1,2 ... u scex x € X 8bN0AHANOCD
HEPABEHCTNEO

U () + Ung1(2) + ... + Ungp(2)] < €

> B cuy paBencTsa
U () + Un1 () + oo F U (T) = Sppp(T) — Sp_1 (),
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rje S,(T) — 9acTUUHBbIE CyMMbBI DACCMATPUBAEMOTO psijia, Kpurepuit Ko paBHOMEpHO cx0/1u-
MOCTHU PSAJIOB CPa3y cJejyeT u3 Kpurepus Kot paBHOMEPHO CXOIMMOCTH MTOCIEI0BATETHLHOCTEH
<
Bameuanue 3. B nanpHeiinem HaMm MoHAI00UTCS CIIEJIYIOIIEE TIPOCTOE CBOMICTBO PABHOMEPHO
CXOIANIUXCA PAJIOB.
Ecau pad 14 pasromeprno cxodumcsa nwa muooicecmse X, a pynkyusa f oeparuvena na 2mom
o0

MHOOCECMEe, Mo pad E f(z)u,(x) maxoce pasromepro crodumcesa na X > JleiicTBuTesbHO,
n=1
OrpaHUIEHHOCTH (DYHKIU [ O3HAYAET, UTO CYMIECTBYET Takas MOCTOsHHAst ¢ > (0, 9TO JijIsd Bcex

x € X Bomounsiercs HepasencTso |f(z)| < c. [Tosromy mas mo6eix mensx n > 17p > 0 u mo06oit
ToUYKH = € X HMeeT MeCTO HEPaBEHCTBO

F@)un(@) + F@ )11 (@) + o+ F@)ungpl(@)] =
— [£(@)] [tn(2) + t (&) + . + ()] <
< fun(@) + i1 (&) + o + ()]

U3 sToro mepaBeHCcTBa CAEYET, YTO P g f(x)u,(z) ynoBrerBopsier Ha MHO)KeCTBe X KpH-

Teputo Kommm paBHOMEPHOI CXOINMOCTH pﬂﬁa,l nb0 3TOMY KPUTEPHUIO YJIOBJIETBOPSET MCXOTHBII
psizt (14). <
Teopewma 4 (mpusuak Beiiepmrpacca). Ecau wucaosotll pad
oo
> an, an >0, (10)
n=1

crodumes u oasn ecex x € X u daa ecexn = 1,2, ... 8bINOAHAECTNCA HEPABEHCTNEO
|un(2)] < an, (11)

mo pad 14 abcomommo u pasromepro crodumcs na mrodcecmee X .

> AGcosmoTHas cxoauMocTh psiyia (14) B Kaxk1oit Touke 2 MHOXKecTBa X CJIe/lyer, COrJIacHO Ipu-
3HaKy cpasHenns (Teopema 6 B 1. 30.4), u3 HepaBeHcTBa (22) n cxogumoctn psga (21).B cnmso-
JIMYECKO 3aIUCH 9TO YCJIOBUE BBINVISUT CJIEIYIONIM 00Pa3oM:

Ve>0 dng VeeX Vn>ny Vp>0:|fo(x)— ful(z)e. (12)

> 1. Ilycrs
13

Badukcupyem mponsBosibHO € > 0. st Hero B cuiy (31.7) cymiecTByeT Takoil HOMEp ng, 9TO JJIs
BCEX N > ng U BeeX & € X BBINOJIHICTCSI HEPABECHCTBO

[fn (@) = f ()] <&/2

[TosTomy ytst Bcex Touek x € X, Bcex HOMEpPOB 1 > ng u Bcex p = 0,1, 2, ... umeem

Fuen @) = ful = [ty (2) = F (@)] + [f () = fu ()] <
< e (@) = £ @)+ fa () = £ (@)] < 5 +

3

7 —

T. €. BBIIOJHsEeTCs yegosue (12)

2. Ilycrs Beinosiasiercst ycsaosue (12); Torma B KaxKjoit Touke € X MOCIEI0BATETHHOCTD
{fn (X)} ynoBrersopsier kpurepuio Kormm cXOIUMOCTH YHCIOBBIX [OCJIEI0BATEIHHOCTEN U, CJIe-
JoBaTesibHO, cxonuTcs. O6o3HAUMM mpejiest mocseoBarTeabHoctn { f,} Ha MHOKecTBe X Uepes

f2) = lim fu(r), weX (13)

T—00



[lepeiig K npeeny B nocseaneM HepasHecTse (12) pu p — 00, B cuity (13) mosydnm, 9ro s
BCEX HOMEPOB N > Ng U BeeX Touek = € X BbmoJHsAeTcsa HepaBeHcTBo |f (x) — f, (z)] < e.

DTO U O3HAYAET PABHOMEPHYIO CXOJMMOCTD HocemoBaresbaoctu dyuknuii { f,,} K dynknnm f
Ha MHOXKecTBe X. <

Ounpengenenne 2. P

Zun(az), reX (14)

HA3BIBAETCS PABHOMEPHO CTOOAULUMCHA HA MHOHCECEE T, €CJIU HA T PABHOMEDPHO CXOJIUTCS TIOCJIe-
JIOBATEIbHOCTD €0 YaCTHIHBIX CYMM.

OueBuHO, ITO PsiJl, PABHOMEPHO CXOANIUINCS Ha MHOXKECTBE X , CXOIUTCS Ha 9TOM MHOXKECTBE.
IIycThb

s (x) :Zun(m), Sn () :Zuk(:x)

o
ur,(z)=s(x)—s,(x)= Z uy, (x) — ocraTok psga. PaBHOMepHAsT CXOAUMOCTD psijia Z Uy, ()
COTJIACHO OIIPE/ICJICHUIO osﬁgggleT, qTo "

sn(x)?s(:v) (15)
DTO yCJIOBHE PABHOCUIILHO YCJIOBHE
s(x) — sn(x)?(]. (16)

WNuate roBopst, paBHOMEpHas CXOAUMOCTD psiJia Ha MHOXKecTBe X O3Ha4aeT PaBHOMEDPHYIO CXO-
JIMOCTDb Ha X K HYJIIO IIOCIEI0BATETLHOCTH ero ocTaTKoB. OTCIona B CHIIY JIEMMBI IIOJIyIaeM, 9TO
Jtst Toro aTobbl psiz (31.12) paBHOMEpHO cxonmicsa Ha MHOXKecTBe X, HEOOXOAUMO U JIOCTATOUHO,
9TOOBI

n—oo

lim sup |r,(z)| = 0. (17)
X

Bameuanue 2. Ecin Kakme-To psibl pABHOMEPHO CXOIATCH Ha HEKOTOPOM MHOXKECTBE, TO
n J_[I06aﬂ X KOHYeHad JIMHeliHad KOM6I/IH&HI/IH PaBHOMEPHO CXOJUTCA Ha 3TOM MHO2KECTBE (CM.
3amedanue 1).

Teopema 2. (HeoGxonuMOe yCIOBHE paBHOMEPHOIT cxopumoctu psijia). Eeau psad (14) pasro-
MEPHO CTOOUMCA Ha muodcecmee X, mo noacdo6amesbHoCmb €20 YACHOE PAGHOMEPHO CIPEMUM.-
CA K HYAI0 Ha omom muodcecmee. > B camom jede,

Up () = sp(x) — sp_1(x), n=2,3,.. (18)

B ciaywae paBHOMepHO# cxopumocTn Ha MHOXKecTBe X psna (14) mocmenosarenbroctr {s, ()} u
{$n—1(2)} ero YacTUYIHBIX CyMM PaBHOMEDHO cTpeMsTcs Ha X K €ro cymme s(z):

sn(az)?s(az), sn,l(:c)?s(a:),

IIO3TOMY

Sp(x) — sn,l(x)?(),

a 910 B cuity (18) m o3Hauaer, 4To

up, (2)=30.< (19)

X

OTMeTHM, 9T0 COrIacHo JieMMe 1 1171t Toro, 9To6bI OBLIO BhIMOIHEHO yesoBue (19), Heobxommmo
U JIOCTATOYHO, YTOOBI BBIIOJIHSIOCH YCJIOBUE

lim sup |u,(z))| = 0. (20)

n—oo  x



Teopema 3 (kpurepuit Ko pasaomepnoil cxomumoctu psia). /as mozo wmobws pad (14)
PABHOMEPHO cTodUACA Ha Muodcecmee X, HeobTodumo u docmamouno, ¥mobv, das 4106020 € > 0
CYWECMBOBAN MAKOT HOMED Mg, WMo Oas 6cex Ny, ecex p = 0,1,2,... u 6cex x € X 6uNOAHANOCH
HePaBeHCME0o

U (2) 4+ U1 () + oo F Ungp(2)| < €

> B cuty pasencrsa

Un () + Uns1(T) + oo+ Unip(T) = Spyp(T) — Sp-1(2),

rje S,(T) — 9acTUUHBbIE CyMMbI PACCMATPUBAEMOTO psijia, Kpurepuit Ko paBHOMEpHOI €x0/1u-
MOCTH PAJIOB CPa3y cJjeayeT u3 Kpurepus: Korm paBHOMEPHO# CXOIMMOCTH MTOCIEI0BATETHLHOCTEH
<
Bamedanue 3. B nanpreiinem nam moHa00UTCs CIIEIYIONIEE TPOCTOE CBOMICTBO PABHOMEPHO
CXOIAIIUXCA PAJIOB.
Ecau pad 14 pasromeprno cxodumca wa muooicecmse X, a pynkyua f oeparuvena wa amom
oo

MHOOCECMEe, mo pad E f(z)u,(x) maxoce pasromepro crodumesa na X > JleiicTBuTesbHO,

n=1
OrPaHUIEHHOCTH (DYHKIUU [ O3HAYAET, UTO CYIIECTBYET TaKas MOCTOsHHAst ¢ > (0, 9TO Jijisd Bcex

xr € X omosasiercsa vepaBeHcTBO | f(2)| < ¢. Tloaromy mist 06X measix n > 17p > 0 u moboit
TOUYKH = € X HMeeT MECTO HEPABEHCTBO

|[F(@)un () + (@) unia () + -+ (@) unip(2)] =
= [f(@)] Jun(2) + tn2 () + . 4+ Uungp()] <
< ¢ lun(@) 4+ tnp1(2) + oo+ Ungp(2)]

o0

W3 sroro mHepaBeHCTBa CJIEIYET, 9TO PAJT E f(x)u,(z) ynosnerBopsier Ha MHO)KecTBe X KpH-

n=1
TEPUIO Ko paBHOMepHOfI CXOTUMOCTH pdsa, ubo 9TOMY KPUTEPHUIO YIOBJICTBOPACT I/ICXO,ILHLIﬁ

psz (14). <
Teopewma 4 (nmpusnak Beiiepmirpacca). Ecau wucaosot pad

> an, an >0, (21)
n=1

crodumces u oasa 6cex x € X u oaa 6cexn = 1,2, ... 8uNOAHACTNCA HEPABEHCTNEO
|un(2)] < ay, (22)

mo pad 14 abcorrommno u pasromepno cxodumcs na muosxcecmee X .
> A6cosorHast cXoAuMOCTh psjia (14) B KaxKJI0i TOYKe & MHO)KeCTBa X CJIeJIyeT, COIJIACHO MPHU-
3HaKy cpaBHeHus (Teopema 6 B 1. 30.4), u3 HepaBeHcTBa (22) U cxopumoctu psa (21).



2.2 3aganue 3

Bajianue 3 1peJICTaBIeHO HA PUCYHKeE. 1.
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