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�SR��hR�oA�+�z[Vg^kh_|m�T���a|f^a{�+[V�,�^ghle[V�Vg^a��i[VYVa|f^kh���hai�|]e]ia��?��[Vg|dLa�f^[��
R=RvR=RvRvR=RvR	R=RvR T��
�SR��^R�oA�+�z[Vg^kh_|m�����a|f^a{�+[V�,�^ghle[V�Vg^a��i[VYVa|f^kh���hai�|]e]iaV��RvR=RvRvRvRvRvR=RvR=RvRvR=RvR	R=RvR �ST
�SRw�SR�oA�+�z[Vg^kh_|m �j�¡g�a�]z¢£khg^lef^fhn
\¤a|f�a{��[V�,�^g^lz[V�Vg�a��e[VYba|fhkh���hai�V]z]iab��RvR=RvRvR=RvR	R=RvR �|�
�SR�¥hR�oA�+�z[Vg^kh_|m¦�elzf^leg^a|�^k^k��^[��+f^[|�e[§}S�8a|]z]iac]ek^]`_Vlem¨o�q�r�s©t RvRvR=RvR=RvRvR=RvR	R=RvR �V�
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xvº � �^g^[V�zg�a|m�m�f^[|l=[V�|le]e�hle�^lzf^k^l|R
o�q�r�s=t»]ek^]`_Vlzm"a¯�°a�]e]e[|�^k^k^g^[|Yba|f^f�a{��]v�zg�a|m�m"a�_|k^}�[V\�]zk^]z_|lem"a�q,r�s=t R
q�r�s©t � f^lz[|_Vg^kh��a�_Vl �+¸Vf^[|lv�+k^fhle\^f^[|l,d8kh[��va|fh_V[|YV[§�~g�a�YVf^lefhk^l|R

O
� fh���+leY|[V\�Y|le}h_|[Vg��

O = (0, 0, . . . , 0)
R

ek
�°]`_{a|f~dLa�gh_Vf^n
\�l d8k^fhk^�^f^n
\ Y|le}h_|[Vg��

ek = (0, . . . , 0, 1, 0, . . . , 0)
R

H
� �ba{�ik^]v�NkS�+¸V�|legh_{a§[id+f^[Vg^[ed8f^[|\�]zk^]z_|lem�n»q�r�s©t��

H = {h(1), h(2), . . . , h(q)}
R

∅
� �h�V]`_V[Vl=m�f^[���le]`_VYV[hR

I
� g�a��e�Vk^lzf^k^lvm�f^[���le]`_VYba

Nm
�
I = {I1, . . . , In}

R

N
� f�a�_|�~g�a��+¸Vf^n
\�g���d �

N = {1, 2, . . . }
R

Nm
�?[�_Vg^l`�i[V}�f�a�_|�~g�a��+¸Vf^[V�z[ gb�~d8a©d^�+k^f^n

m
�
Nm = {1, 2, . . . , m}

R

Z
� m�f^[���le]`_VYV[§�^l �+nZÁj�^k^]zl`�!�

Z = {0,±1,±2, . . . }
R

Z+
� m�f^[���lz]z_VY|[�f^lz[|_Vghk^��a�_|l`�+¸VfhnZÁ �^l �+nZÁ��^k^]zl`�!�

Z+ = {0, 1, 2, . . .}
R

E(I)
� �|���+lzYba��

n × m
�#" m"a�_|g^k^��a$�&}�[�%&�
�	k^�hk^lefh_|n }�[|_|[Vg^[V\�[V�^g^l d8l`���('&_|] �»}Sa�}

Ekj(I) =

Ekj(I1, . . . , In) = 1 ⇐⇒
−→
I j = k

d����
k = 1, n

�
j = 1, m

R

~I
���+k^fhle\^f^[|l=�^ghl d8]`_{a|Y��+lzf^k^l£m"a�_|g^k^�^n

E(I)
YcYVk~d8l	YVlz}h_V[Vg^a§kh�

N
m
n

R
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x,g^k ]z[|�`dLa�f^k^k m"a�_Vlzm"a�_Vk^�hle]e}�[V�z[ �^gh[V�eg�a�m�m�f^[V�e[ [V�|le]e�hle�^lzf^kh� ��xvº	� Yba ��f^n
m
_Vghle�V[VYVa|f^k^lzm³�hY����^l`_V] �È[V�V[|]ef^[VYVa|f^k^l£}�[Vghg^le}h_|f^[V]`_VkClz�e[ g^lea{�+kh�ia|�^k^k�R��¿_|[V�e[jm�[�� fh[§d8[V]`_Vk^�^¸
f�ac[V]efh[VYVl	}�[Vm��S�+lz}~]zf^[V�z[ _Vlz]z_Vkhg^[VYba|fhkh��RLx,g^k�%`_V[Vm¨k^]e] �+l d+�|lem�[Vl£x=º»f^le[|��ÁV[ed8k^m�[ �hg^[VYVlzg^kh_V¸
f�a g�a��ef^[V[V�|g�a��ifh[Vm�f�a��V[Vg^l�}S�+a|]e]z[VYj_|le]`_V[VY �3[V�hg^l d8l ��� '��£kSÁÈ}~a|} _Vkh�^k^�^f^n
l§�V] �+[VYVkh�Èg�a��V[|_Vn
xvº �G_{a|}�k³f^le]`_{a|f~dLa�gh_Vf^n
l³� YVn
g^[���d8lef^fhn
l�� ]`���~��a|k�R
sv����[V�|[V]ef^[|Yba|f^f^[|�e[X�^[ed+_VYVlzg �cd8lzf^kh�
}�[Vg^g^lz}h_Vfh[V]z_|k }~�8a|]e]zn _{a|}^k~Á _|le]z_|[VY�d8[{� � fhn [iÁSYba�_Vn
YVa�_V¸Dlz]`�+k f^l Y|]el �¤_|[Ê�V[���¸|¢��� '
��a|]`_V¸�Y|[|�im�[���f^nZÁ Yba|g^k^a|fh_V[|Y^R
		gh[Vm�l³_|[V�e[(�§�hk^]`�+[#k^]e�^[{�+¸|�e�|lem�nZÁ _Vlz]z_V[|Y¯d���� }Sa �cd8[|�e[
}S�8a�]e]ia¤d8[�� ��f^[È�VnG_V¸Èd+[V]z_{a�_|[V�^f^[�Y|l`�+k^}�[ �Q�h_|[V�VnO� a|g�a�fh_Vk^gh[VYba�_|¸�]��^g^khlemK�+lzm�n
m��~g^[|YVf^lem
�if^a��hk^m�[V]z_|k [|_|]z��_V]`_VYVk^l©[|¢£k^�|[V}�g^lia{��kh��a|�hk^k�R

¾�]ekS�^� %`_V[V�z[ �"YVn
�^[���f^lef^khl��^[ed8[V�|f^[V�e[È_Vlz]z_Vkhg^[VYba|fhkh�¦�^g^a|}h_Vkh�^le]z}^k f^leY|[|�im�[���f^[6�|lz�
k^]z�^[��+¸|�e[VYba|fhkh�¨]z�^le�hk�a{�+¸VfhnZÁ g�a��eg�a|�V[�_{a|f^f^nZÁ �^g^[|�eg�a|m�m�fhnZÁ¦]zg^l d8]`_VY �Za|Y|_|[Vm"a�_VkS�ik^gh� '��£kSÁ
�^g^[|�^le]z] �zlef^lzg�a|�^khk)kO�^gh[VYVlegh}^kO_Vle]`_V[VYhR��,m�lzf^f^[�_{a|}�[V\��^[ed�Áb[edD�^[|�eYV[����hlz_#d8l`_{a{�+¸Vf^[�k
YV]zle]z_|[Vg^[Vfhf^l � }~[|m��S�+le}�]zf^[��
�^g^[VYVlzg^kh_|¸�}�[Vg^ghle}h_|f^[V]z_|¸¹g^lea{�+kh�ia|�^k^kj��a�dLa�f^f^[V�z[ xvº£R

s©gh�~�e[|\ Yba ��f^[V\ Ába|g�a|}h_|leg^kh]z_Vkh}~[|\ g^lia��+kh�i[|Yba|f^f^[|�e[ xvº �hY����hlz_V] � [|�^lef^}~a
�^[|_|g^le�{���^lzm�nZÁÊghle]z�~g^]z[VY^Rj¾ [|_i�+k^�hk^kÊ[|_ [V�|[V]ef^[|Yba|f^kh�'}�[Vghg^le}h_|f^[V]`_Vk���� d8l»�^g^[VYVlzgb�^lz_|] ���
m�[���lz_ �+k»xvºÂ�hg�a|YVkS��¸Vf^[¦g^l`¢�a�_|¸��^[V]z_{a�Y��+lefhf^n
l���a�dLa��^k �&�`d+le]e¸�[V�hlef^k^YVa|lz_|] ����f�a�]e}�[��+¸V}�[
% ���	le}S_Vk^YVfh[ g�a��V[|_{a|l`_°xvº£R¹¾ ��a|]`_Vf^[V]`_Vk���%`_{a [V�hlef^}~a�m�[ �£lz_ �VnG_V¸�k^]z�^[��+¸��i[VYba�f�a¯d����
]eg^a|YVf^lzf^kh� d8a|f^f^[V�z[pxvº ]¦a{�+¸�_|leg^f�a{_Vk^YVfhn
m
R�¾ ]eY|[�' [V�hleg^l d8¸ �v�^[V]`��l d8fh�S����a�dLa���a���a|]`_V[
�Vn
Yba�lz_pk^]z}S� '&�^kh_Vl �+¸Vf^[ Yba ��f^[V\¯�^g^k YVn
�|[Vg^l¦f�a�k^�V[��+lzl¦�^g^khlemK�+lzm�[V�e[»xvº d���� ghlz¢£lzf^kh�
YV[|�ef^k^}~a '��£le\�f�ac�^g�a|}h_|k^}�l=�hg^[V���+lzm�n,R

sv��� g^l`¢£lefhkh� _{a|}�[V\ �ia�dLa��^k g�a��e�~m�f^[ k^]e�^[{�+¸|�i[|Yba�_V¸ �^[ed�Áb[ed a�f�a{�+[V�zk^�^f^n
\
}�[Vm��S�+lz}�]ef^[Vm«� _|le]z_|k^g^[VYVa|f^k '=R W �^[|m�[
�£¸�' ]e�hle�^k�a��+¸Vf^nZÁ �^g^[|�eg�a|m�m�fhnZÁ ]zg^l d+]z_VY
�elzf^leghk^gh�Vl`_V] � �V[{�+¸|¢£khl=YVn
�|[Vg^}^k�_Vlz]z_V[|Y kh�=g�a��ef^[V[V�Vg^a��if^[|�e[§f�a|�V[Vg^ac}~�8a|]e]z[VY kjYVn
�^[{�+fh�^l`_V] �
kh�em�leg^lzf^kh� g^le]`�Sgh]e[VY � �^[�_Vg^lz�����^lzm�nZÁ k^]e] �+l d+�|lem�n
m xvº£R¤q	aO[V]ef^[|Yba|f^k^k %z_|kSÁ YVn
�V[|g^[V}
d����ª}~a ��d8[V�e[X}S�8a�]e]ia ]z_{a�_|k^]z_|k^�^le]z}^k^m�k m�lz_|[id8a|m�k�]z_|g^[��h_|] �p[V�^lzf^}^k�[V���3lem"ay�^[|_Vghle���+lzf^kh�
g^lz]z�~g^]e[|Y¤�¡[|�^lef^}hk�%&�
�	lz}h_Vk^Y|f^[V]z_|k+�`R

¾?dLa|f^fh[V\�g�a��V[|_VlÈYX}Sa��^lz]z_|YVlCk^]z]`�+l d+�Vlzm�[V�e[�xvº g�a�]e]em"a{_Vg^k^YVa|lz_|] �pm"a�_Vlzm"a�_Vkh�^le]z}~[|l
[V�Vlz]e�^lz�^lefhk^lÂg^lz¢©lef^kS� ]ek^]`_Vlzm f^lz[|_Vghk^��a�_|l`�+¸VfhnZÁ �+k^f^lz\^f^nZÁ d8k^[��va|fh_|[VYVnZÁ �~g�a|YVfhlef^k^\
�¡]zk^]z_|lem"a	q�r�s©t,�`R�º�]ef^[|YVf^n
m�k£��a�dLa���a|m�k£g^l`¢£lzf^kh�c]ekh]z_Vlzm0q�r�s=t¨�hY���� 'A_V] ���hT��N[V�^g^l d8l`��lef^k^l
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]e[|YVm�le]`_Vf^[V]`_Vk��Z�V�©f�a�Áb[��cd+lef^k^l�f^lz}�[|_V[Vgh[V�e[6g^lz¢©lef^kh� �Q�b�©f�a{ÁV[ ��d8lzf^k^l��ba��ek^]iaÈ�NkS�+¸V�Vlzgh_{ahR"¾
[V�
�©lem ]`���~��a|l
%z_|k��ia�dLa��^kj�^g^lz�eYVn
��a|\hf^[�_|gh�id8[Vlem�}hk������ �����	��
����¿��
���� R

ºAd8f^khm�k kh�°�hleg^]z�^le}h_|k^YVf^nZÁ a{�+�e[|g^kh_Vm�[|Y)d���� %&���vlz}h_VkhYVf^[V�z[ug^lz¢©lef^kh� ��a|]z_|f^nZÁ
}S�8a�]e]e[|Y ]ek^]`_Vlem q�r�s©t �^Y��^� '&_|] � ]ekhfh_{a|}�]ek^�hle]e}hk^l a��+�e[Vghkh_Vm�n � �hg^l d���[ �£lef^f^n
l
s R � R�	,[Vgh�z�~f^[Vm�
 � ������RAº�f^k��h[|�iYV[{��� 'A_¨g^l`¢�a�_|¸ a|]z]e[V�^khk^g^[VYba�f^f^n
l0] 	�W " �eg�a�m�m"a�_Vk^}~a|m�k
]ekh]z_Vlzm�n q,r�s=t �¡]zk^]z_|lem�n o�q�r�s=t	� 
 T��A�(�&��� R�¾ }~a��hle]z_|YVl a{��¸�_|leg^f^a�_Vk^Y|f^[V�e[ d����
]ekhfh_{a|}�]ek^�hle]e}hkSÁ a��+�e[Vghkh_Vm�[VY³g�a|]z]em"a�_|g^k^Yba�lz_V] ��a{�+�z[Vg^kh_|mÊf�a{ÁV[��cd8lzf^kh� �ba��ek^]ia��NkS�+¸|�Vlegh_{a
[ed8f^[Vgh[id+f^nZÁ�]ek^]`_Vlem�q�r�s=t����^g^l d��+[���lefhf^n
\¤�^[Vgh_��~� a{�+¸V]z}^k^m�k¤m"a�_|lem"a�_|k^}~a|m�k��6R��������	������
��! �
" R "#��R�$%�!& ��! �
��('�T�¼)��R

* l`��¸�' dLa|fhf^[V\ g�a|�V[�_Vn �^Y����hlz_|] � g�a��ig^a|�V[|_|}Sa _|l`ÁSf^[��+[|�ek^k }~[|m��S�+le}�]zf^[V�e[
_Vlz]z_|k^g^[VYba�f^kh��� %e}�]e�^lzg^k^m�lzfh_{a{�+¸Vfh[V�e[ k ]zg�a|YVf^kS_Vl`��¸Vf^[V�z[ a|f�a{�+kS��a a{���e[Vg^kS_Vm�[VY ghlz¢£lzf^kh�
]ekh]z_Vlzm q�r�s©t R«º��
�3le}h_|[Vm k^]e] �+l d8[|Yba|f^kh�XY¤g�a��V[|_Vl¹�hY����('&_V] � a{���e[Vg^kS_Vm�n?ghlz¢£lzf^kh� ]ek^]`_Vlzm
q�r�s©t��ya �^g^l d8m�lz_|[Vm k^]e] �+l d8[|Yba|f^kh� � m�l`_V[ed8n �elzf^leg^a|�^k^k _|le]z_|[VYVnZÁ ]ek^]`_Vlzm q�r�s=t
d����Dk^]e] �+l d+�|lem�nZÁ a{���e[Vg^kS_Vm�[VY^R x	ghk^}S�8a�d+f^n
l YV[|�em�[ ��f^[V]`_Vkug�a{�ig�a|�|[|_{a|f^f^[|\D_Vl`ÁSf^[{�+[V�ekhk
�^g^khm�lefh�('&_V] � d��^� _Vle]`_Vk^gh[VYba|f^kS� k %z}�]e�^lzg^k^m�lefS_{a{�+¸Vf^[|�e[ a|f^a{�+kh�ia YVn
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[ed8f^[Vgh[id+f^[V\j]ek^]`_Vlem�npo�q�r,s=t R
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�hg^l d���[ �£lef^f^n
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�^[��+fhlef^kh�c}�[Vm��~�+le}�]efh[V�e[	_Vlz]z_Vkhg^[VYba|fhkh���
%z}�]e�^lzg^k^m�lefS_{a{�+¸Vf^[|�e[�k�]eg^a|YVf^kh_|l`�+¸|f^[V�e[�a�f�a{�+kh�ia¨g�a��`�+k^�^fhnZÁpa{���e[Vg^kS_Vm�[VY¦ghlz¢£lzf^kh�
]zk^]z_|lem q�r�s=t Rvsv��� [V�Vle]z�^le�hlef^kh�?�ek^�|}~[|]z_Vk?]ek^]`_Vlem�n �h[V]z_|g^[Vkh_|¸�lel³k^fh_|leg �	le\h]�]
�h[��+¸|�e[VYba�_|l`�+lzm¨f�ac[V]efh[VYVl.-/��0j_|l`ÁSf^[���[V�ek^\�R

�b�X¾¿n
�^[��+f^kS_V¸ _Vle]`_Vk^gh[VYba|f^khl¿k�%e}�]z�^leg^khm�lefh_{a{��¸Vf^n
\ca|f�a��+kh�Q]ek^fS_{a|}�]ek^�^lz]e}^k~Á�a{���e[Vg^kS_Vm�[VY
ghlz¢£lzf^kh�³[ed8f^[Vgh[id+f^nZÁ³]ek^]`_Vlzm°o�q�r�s=t��GaC_{a|}(��l �^gh[VYVle]`_Vk³]eg�a�YVf^kh_|l`�+¸Vfhn
\�a|f�a��+kh�
%`_V[V�z[ a��+�e[Vghkh_Vm"a§]=a��+¸�_Vleghf�a�_VkhYVf^n
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��! &� " R "4�PR�$5�	& ��! eR
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�S�V]e}hf�a�� g�a|�V[�_{a ]z[V]z_|[Vkh_ kh� YVYVl d8lef^kS��� �^l`_Vn
g^l Á � �+a|Y � �ia|}S� '&�^lef^kS���
�Vk^�{�+k^[V�zg�a �	k^�^lz]e}�[V�e[ ]e�^k^]z}~a k^]z�^[��+¸|�e[VYba|fhf^[V\Â�+kh_Vlzg�a�_��Sghn � TVT'f�a|k^m�lzf^[VYba|fhk^\+� �yk^m�lzlz_
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f�ai�~�^f^nZÁ ]`_|�id8lefh�^le]z}^kSÁ }~[|f �	leg^lzf^�^kh�~Á x	l`_Vg���t��'a _{a|}(�£l f^a g^a|�V[V�^k~Á ]elzm�k^f�a|g^a{Á
}~a �	l d8ghnªk^f(�v[|g^m"a�_Vkh}^k�k m"a�_Vlzm"a�_Vk^�hle]e}�[V�z[ [V�|le]e�hle�^lzf^kh�jx,lz_|g���t R�x,[£g^lz�z���+¸�_{a�_{a|m¦g�a��V[|_Vn
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¾Èf�a|]z_|[�� �£lz\�� �8a|YVl¿�^g^l d8]z_{a|Y{�+lefc�^[VfS�h_Vkh\^f^n
\ca|�^�^a|g�a�_ �{f^le[|��ÁV[ed8k^m�n
\©d����=�^[V]`_Vg^[Vlzf^kh�
a{�+�z[Vg^kh_|m�[VY0�zlef^lzg�a|�^khk¦_Vle]`_V[VY|nZÁ¦]zk^]z_|lem��Ga¤_{a|}(�£l�YVYV[ed+�S_V] � [V]efh[VYVf^n
lj[V�V[|�ef�a��^lefhkh��R«sv���
]`�^�S�^a���[ed8fh[Vg^[ed8f^nZÁ³]zk^]z_|lemOo�q�r�s=t [V�V[|�ef�a��^lef^kS���^ghl d��8a�� a '&_|] ��f�a|m�k³YV�^lzg^YVn
l6k dLa '&_
�V[���lel	}�[Vm���a|}h_|fh� '¯kj�^g^[��ig�a��^fh� '»��a|�hk^]e¸^R
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D '�8�BA$�2/$�.�+!EGFIHKJMLON f�a��en
Yba|l`_V] �§]ek^]`_Vlzm"a	�~g�a|Y|f^lef^kh\��bYV]elZ}~[ % ���	k^�^k^lzfh_Vn¦}�[|_|[Vg^[V\c�^Y{��� 'A_V] �
�^g^[|kh�iYV[{�+¸Vf^n
m�k��^l �+n
m�ky�^k^] �8a|m�k��Ka�}�[Vm��^[Vf^lzfh_Vn g^l`¢£lefhk^\y�^g^k^f^khm"a '&_ f^lz[|_Vghk^��a�_|l`�+¸Vfhn
l
�^l �+n
lv�ef�a��^lefhkh� �

Ax = O, A ∈ Z
n×m, x ∈ Z

m
+ , O ∈ Z

n,
� TVRUT��

� d8l
n
� �^k^] �+[ �~g�a�YVf^lefhk^\ ]zk^]z_|lem�n �

m
� �^kh]`�+[ f^lekS�iYVlz]z_VfhnZÁ�R�x,g^k %z_V[|m m"a�_|g^k^��a

A
f�a��en
Yba|l`_V] ��m"a�_Vg^kh�^le\ }�[�%&���vkh�^k^lefS_V[VY�]ek^]`_Vlem�n �La�YVle}S_V[Vg

O
�?fh���+leYV[|\�YVlz}h_V[|g�kh�

Z
n R
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���������������� ���QPR� q,lefh���+lzYV[Vl g^lz¢©lef^khl
h ∈ Z

m
+

[ed8f^[Vg^[ed8fh[V\Ê]zk^]z_|lem�n q�r�s©t � TVRUT��
f�a��en
Yba|l`_V] � $�2:'�8%S/9O&UTV.W3�<�3 �«lz]`�+kX[Vf^[¤f^l m�[���l`_ �VnG_V¸ �^ghl d8]`_{a|Y��+lzf^[0Y¤YVk�d8l ]z�~m�m�n�d+Y|�bÁ
f^lzfh���+leYVnZÁ�g^l`¢£lzf^k^\ %`_V[V\���l,]ekh]z_Vlzm�n,R
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����������������X���QYR�[Z\8CSC.�,/&]3_^�.�9�;�`A2a'�0b8 [ed8f^[Vg^[ed8fh[V\�]zk^]z_|lem�n q�r,s=t � T|R½T��¹f�a{�in
Yba|l`_V] �
m�f^[���lz]z_VY|[�YV]zl`Ájf^lzg�a��`�+[�� k^m�nZÁjghlz¢£lzf^k^\�[id+f^[Vg^[ed8f^[|\�]zk^]z_|lem�n»q�r�s©t �

H = {h(1), . . . h(q)}, h ∈ Z
m
+ ,

� d8l
q
� �^k^] �+[��Va��ik^]zf^nZÁjg^l`¢£lefhk^\�R
º�_Vm�l`_Vk^m����h_|[ ]z[V� �8a|]zf^[ _|le[Vghlem�l [ �Va��ik^]zl#�NkS��¸V�VlegS_{a 
���� �^k^] �+[ f^leg�a{�z�+[���k^m�nZÁ

g^l`¢£lefhk^\CYV]zle� dLa�}�[Vf^le�hf^[�k � '&�V[Vlcg^lz¢©lef^khl
x
]zk^]z_|lem�n�� TVR½T���m�[ �£lz_j�VnG_V¸�YVn
g�a �£lef^[��^lzg^lz�

�ba��ek^]v�NkS�+¸V�Vlzgh_{a�] �+l d��$'��£k^m [|�Vg�a��e[Vm �

x =

qX

s=1

αsh
(s), α1, α2, . . . , αq ∈ Z+.

� TVRw�V�

q,leg^a��z�+[���k^m�[V]`_V¸ % �+lem�lzfh_V[|YC�ba��ek^]ia6�3k~�+¸V�Vlzgh_{a %e}hYVk^Yba{��lefh_|f�a0kSÁ 3I.�$�.W3�8c9);�$�&%,10b. �
_�R�l|R=d^����� '��|[V�e[»g^l`¢£lefhkh�

x
f^le[ed8fh[Vg^[ed8f^[V\ ]ekh]z_Vlzm�n � � '&�V[V�z[ ghlz¢£lzf^kh�

h
[ed8f^[|g^[ed8f^[V\
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]ekh]z_Vlzm�nA�©k0�^gh[Vkh�iY|[��+¸Vf^[|�e[��Va��ik^]zf^[V�z[ %`�+lzm�lefh_{a
x′ ∈ N

�
x′ 6= x

�
h′ ∈ H

�
h′ 6= h

�vf^lzYVleghf^[ �
�h_|[

x 6 x′
�
h 6 h′

�`R+x,g^k�%`_V[Vm¦]zg�a|YVfhlef^k^l	�`d+le]e¸§�^[V}�[Vm��h[Vf^lefS_Vf^[Vl��

(u1, u2, . . . , um) 6 (v1, v2, . . . , vm) ⇐⇒

�����
uj 6 vj ∀ j = 1, 2, . . . , m .

� a�}^k^mX[V�Vg�a��e[Vm����ba��ek^]efh[Vl	g^lz¢©lef^k^l=�^[V}�[Vm��^[|f^lefh_|f^[ fhl=�^ghleYV[V] ÁV[ed8kh_�� '��V[Vl�d8gS�S�z[Vlvg^lz¢©lef^k^l
]ekh]z_Vlzm�nuq�r�s©t R��Z[���lel _V[|�e[ �G�Va��ik^]zf^n
l¤g^l`¢£lefhkh�³f^le]zg�a|YVf^khm�n
l�d8gh�~� ]jd8gh�~�e[|m Y�]zm�n
]`�+l
�^[V}�[Vm��h[Vf^lefS_Vf^[V�z[ ]zg�a|YVf^lzf^kh��YVle}S_V[Vg^[|Y^R
� '�.W3�2:' TVRUT
	 +Ka|]z]em�[|_|g^k^m¦[ed8fh[Vg^[ed8fh� ' ]ek^]`_Vlem«��q�r�s=t �

8
<

:
x1 + x3 = 2x2 + x4 ,

x2 + x4 = 3x1 .

� l	�ba��ikh]=�NkS��¸V�VlegS_{a�]`��l d+� ' �©k^\ �

H =

8
>>>>><
>>>>>:

0
BBBBB@

1

3

5

0

1
CCCCCA

,

0
BBBBB@

1

2

4

1

1
CCCCCA

,

0
BBBBB@

1

1

3

2

1
CCCCCA

,

0
BBBBB@

1

0

2

3

1
CCCCCA

9
>>>>>=
>>>>>;

q	a|�^g^khm�leg���g^l`¢£lzf^k^l
x = (3, 1, 7, 8)T

m�[ �£lz_§�VnG_V¸§YVn
g�a ��lef^[§�^lzg^lz�
%z_|[|_¹�Va��ik^]	}~a|}

x = 0h(1) + 0h(2) + 1h(3) + 2h(4) = h(3) + 2h(4).
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Nm = {1, . . . , m}

f�a��en
Yba|l`_V] ��m�f^[���le]`_VYV[�f^le�h�|]z_|nZÁ �^[ed8m�fh[ �£le]z_|Y
I = {I1, . . . , In}

��� d8l

Ik ∩ Ij = O
d��^�

k 6= j,

n[

k=1

Ik = Nm.
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,/.�,10�2 3 &*+ FIHKJML � ]ek^]`_Vlem�[|\�o�q�r�s=t	�Zf�a{�in
Yba|l`_V] ��]ek^]`_Vlem"a§YVk~dLa

E(I1, . . . , In)x = Ax,

� d8l
I = {I1, . . . , In}

� g�a{�i�Vk^lzf^k^l
Nm

��� �
n
� �^k^]`��[��~g�a�YVf^lefhk^\»]ek^]`_Vlem�n �

m
� �^kh]`�+[

f^lzkh�iYVlz]z_|f^nZÁLRb·�a�_|g^k^��a
E(I) = E(I1, . . . , In) ∈ {0, 1}n×m k Ek,i(I1, . . . , In) = 1

_|[V� dLa k,_V[��+¸|}~[
_V[|� dLa(�8}~[|� dLa

i ∈ Ik
�^_�R8l�R

Ik
[V�^g^l d8l`�^�^lz_¹m�f^[���le]`_VYV[�k^f~d8lz}~]z[VY fhlekh�eYVle]`_Vf^nZÁ ��}�[�%&�
�	k^�hk^lefh_|n

�^g^kj}�[|_V[|g^nZÁjYc��leYV[V\���a�]z_Vkj�~g�a|YVf^lzf^kh�
k
g�a|YVfhn

1
R
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¾ ��a|]`_Vf^[|]z_Vk ��d��^���hg^k^m�leg^ajTVRUT	m"a�_Vghk^��a
E(I)

�|�id8lz_�]`�+l d+� ' �©le�e[ YVk~dLa �

E(I1, I2) =

0
@ 1 0 1 0

0 1 0 1

1
A , I1 = {1, 3}, I2 = {2, 4}.

WZ�^lz�^k �	k^}~a�m"a{_Vg^k^�hn
E(I)

d8[V�h�|]e}~a|l`_��+k^fhle\^f^[|l [V�^kh]ia|f^khl§YjYVk~d+l§Y|le}h_|[Vg�a −→
I ∈ Nm

n

R
o�khm�lef^f^[(� −→

I i = l ⇔ El,i(I) = 1
Rbsv��� m"a�_Vg^kh�^n

E(I)
kh�,�hg^k^m�leg^a¹TVR½T�YVle}h_|[Vg −→

I = (1, 2, 1, 2)
R


���
���������������� �����R� s©YVl�[ed8f^[|g^[ed8f^n
l�]zk^]z_|lem�n'o�q�r�s=t
E′(I ′)x = A′x

k
E′′(I ′′)x = A′′x

f�a��en
Yba 'A_V] ��� ��BC.�BA8c9O21$�0b$�<�3�. �3le] �+k��^lzg^lefh�~m�lzg�a|�^k^lz\ fhlekh�eYVle]`_Vf^nZÁyk~Á0m�[���f^[ �^ghk^YVle]`_Vk�}
]ekh]z_Vlzm�l

E(I)x = Ax
��� d8l	m"a�_|g^k^��a

E(I)
k^m�lel`_¹] �+l d+� '��£k^\ ]`_{a|f~dLa�gh_Vf^n
\�YVk~d��

E(I1, . . . , In) =

0
BBBBBBBB@

1 . . . 1 0
RzReRzReR`ReReRzReRzReReRzReRzRzRzReReRzReRzR

0

0 . . . 0 1 . . . 1 0
RzReRzReReRzReRzRzRzR

0

ReRzReReRzReRzReR`ReReRzReRzReReRzReRzReR`ReReRzReRzReReRzReRzRzRzReReRzReRzReR

0
ReRzReReRzReRzRzRzReReRzReRzReReRzReR`ReRzReR

0 1 . . . 1

1
CCCCCCCCA

� d8l
I1 = {1, . . . , k}, I2 = {k + 1, . . . , p}, . . . , In = {q + 1, . . . , m}

R

� a|}^k^my[V�Vg^a��i[Vm���Yc]`_{a|f~dLa|gS_Vf^[Vm Y|k~d8l	�^g^l d8]z_{a|Y{�+lef^kS� ]ekh]z_Vlzm�npo�q�r�s=t��������

� '�.W3�2:' TVRw� 	�sv����]ek^]`_Vlzm�npkh�v�^g^k^m�lzg�ajT|R½T	]z_{a�f~dLa|gh_|f^n
\¤YVk~d m"a�_|g^k^�^n
E(I)

�

E(I1, I2) =

0

@ 1 1 0 0

0 0 1 1

1

A .

W¿_{a|f~d8a|gh_Vfhn
\¤YVk~d�]ek^]`_Vlzm�n �
8
<
:

y1 + y2 = 2y3 + y4 ,

y3 + y4 = 3y1 .
x,leg^lzfh�~m�leg�a��^kh��f^lekh�eYVle]`_Vf^nZÁ �

y1 = x1
�
y2 = x3

�
y3 = x2

�
y4 = x4

R


���
���������������� ���	�O� L)'�8 BC$�2/$�.�2�
K')&*`A21$�. D ,48 , 2/"%.�$�."�W$�<�3�. ��& � ?�? .�7�.�21$�0b8*3I. � %`_V[
�~g�a|YVfhlef^k^lvYVk~d8a

nX

i=1

xi = T, T ∈ Z+,
� TVR��b�

� d8l
T
� }�[Vf^]`_{a|fh_{ahR

¾ 
 6��b�^[|}Sa{��a|f^[(�i�h_V[ �~g�a|YVfhlef^k^l
�£g^[V�|lef^kh�|]ia©� TVR��b�Lk^m�lzlz_&}�[Vf^le�hf^[Vl"m�f^[���le]`_VYV[ g^l`¢£lzf^k^\��
�^k^] �+[§}~[�_V[Vg^nZÁ�[V�hg^l d8l ���^l`_V] � �v[|g^m«���+[V\

q = Cn−1
T+n−1 =

(T + n − 1)!

T !(n − 1)!
.

� TVR����

¾Z]zlvghlz¢£lzf^kh��f^le]zg�a|YVfhk^m�n�d8gS�S�	]�d8gh�~�z[Vm¨Yc]em�n
] �+l	�^[V}�[Vm��^[|f^lefh_|f^[V�z[ ]eg^a|YVf^lzf^kh�jYVle}S_V[Vg^[|Y^R
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� '�.W3�2:' TVR��"	 +Ka�]e]em�[�_Vg^k^m ]`��l d+� ' �©lel �~g�a|YVfhlef^k^l ��gh[V�Vlefhkh�V]ea ] l d+k^f^k^�^fhn
m�k
}�[�% ���	k^�^khlefh_{a|m�k��

x1 + x2 + x3 = 4.

·�f^[���lz]z_|YV[ g^l`¢£lzf^k^\ %`_V[V�z[��~g�a|Y|f^lef^kS��]z[V]z_|[Vkh_ kh�
q =

(4 + 3 − 1)!
4!(3 − 1)!

= 6!
4!2!

= 15
% �+lem�lzfh_V[|Y �

S =

8
>>><
>>>:

0
BBB@

4

0

0

1
CCCA ,

0
BBB@

3

1

0

1
CCCA ,

0
BBB@

3

0

1

1
CCCA ,

0
BBB@

2

2

0

1
CCCA ,

0
BBB@

2

1

1

1
CCCA ,

0
BBB@

2

0

2

1
CCCA ,

0
BBB@

1

3

0

1
CCCA ,

0
BBB@

1

2

1

1
CCCA ,

0
BBB@

1

1

2

1
CCCA ,

0
BBB@

1

0

3

1
CCCA ,

0
BBB@

0

4

0

1
CCCA ,

0
BBB@

0

3

1

1
CCCA ,

0
BBB@

0

2

2

1
CCCA ,

0
BBB@

0

1

3

1
CCCA ,

0
BBB@

0

0

4

1
CCCA

9
>>>=

>>>;
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����� ��� �
�j�	��� � �Q

��
���������� ��
�� � �=�
� � �Z��� ��
��

FG; :"; � -"�"%��LBP-" ���7,��������7	����%Ê�8$��LBP�NJ�. H¦±ª² ´»µ

¾ dLa|fhf^[Vm¨�^a|g�a|�zg�a �	l=m�nª�^[����~��a�lem¦gb�~d�_Vlz[Vg^l`_Vk^�^lz]e}^k~Á¤]eY|[V\^]z_|Y [ed8f^[|g^[ed8f^nZÁ�]ek^]`_Vlzm
o�q�r�s=t R �¿_Vk ]eY|[V\^]z_|Yba©�|�id+��_©��l&�ca�_|¸£Y©[|]ef^[VY|l��^g^l d��8a|� a�lem�nZÁ f^a|m�k a{�+�z[Vg^kh_|m�[VY£�zlef^lzg�a|�^k^k
_Vlz]z_|[VYVnZÁ�]ek^]`_Vlzm �¡]em
R��h��R8�SR��('h�SR�¥b�`R

¾y]`���~��a�l&[ed8f^[|�e[=�~g�a�YVf^lefhkh�¤�
n = 1

�«[ed8f^[|g^[ed8f�a���]ek^]`_Vlzm"a©o�q�r�s=tªkhm�lelz_©]`�+l d+� ' �©k^\
]z_{a�f~dLa|gh_|f^n
\¤YVk~d �

mX

k=1

xk =

mX

k=m′+1

(ak + 1)xk, ak ∈ Z+,
���SRUT��

	 d8lz]e¸
E(Nm) = (1, 1, . . . , 1) ∈ Zm

+

�
A = (0, 0, . . . , 0, am′+1 + 1, . . . , am + 1) ∈ Zm

+s©[V}~a ��lzm _|le[Vg^lzm«����}~[�_V[Vg�a{��dLa�lz_�]z�^[V]z[V�#YVn
�hk^]`�+lzf^kh�O�Va��ik^]ea#�NkS�+¸|�Vlegh_{a»� '��V[|�e[
�~g�a|YVfhlef^kh�jYVk�dLa����SRUT��`R


 ����
���
��MPR�G���\Z\8CSC.�,/&]35^�.�9);�`C2a'�0b8 D '�8�BA$�21$�. � E �SRUT N ��Bc9��)210�, � 3�$�&UT 2c,/0�BA&�B�2���0�&(')&%B

H =

8
>>>><
>>>>:

h = (c1, . . . , cm′ , 0, . . . , 0, 1, 0, . . . , 0)T ,

h ∈ Zm
+ � ,/0�&*.�0 $�8

j
�a+���&cSC.�7�.�.��

m′ < j 6 m ,
m′P
k=1

ck = aj, ck ∈ Z+

9
>>>>=
>>>>;

���SRw�V�

� ����������� ����� �!��"�� 	c¾³]zkS��� �V] �+[VYVkS�j_|le[Vghlem�n�m�f^[���lz]z_|YV[
H
m�[���lz_§�VnG_|¸��^[|]z_Vgh[Vlef^[�}~a|}

h(1) h(2) h(q)

z }| { z }| { z }| {

H =

8
>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

0
BBBBBBBBBBBBBB@

c11RRR

cm′1

1

0RRR

0

1
CCCCCCCCCCCCCCA

,

0
BBBBBBBBBBBBBB@

c12RRR

cm′2

1

0RRR

0

1
CCCCCCCCCCCCCCA

, . . . ,

0
BBBBBBBBBBBBBB@

c1qRRR

cm′q

0

0RRR

1

1
CCCCCCCCCCCCCCA

9
>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

,

x,g^k %z_V[|m�YVle}S_V[Vg�a
h(s) �Pd^���¨}�[|_|[Vg^nZÁ h

(s)
j = 1

���^[����~��a 'A_V] � }~a|}¨YV]zl�g^lz¢©lef^kh� �~g�a|YVf^lzf^kh�



T��

�£g^[V�Vlzf^kh�|]ia�]	l d8k^f^k^�hf^n
m�k }�[�% ���	k^�^khlefh_{a|m�kC�
m′ < j 6 m

� �

m′X

k=1

cks = aj.
���SR��b�

º��^lzYVk~d8f^[(�p�h_V[ � '��|[V\ Y|le}h_|[Vg
h(s) = (c∗s | ej−m′)T

�^Y{���^l`_V] � g^lz¢©lef^k^lzm
�~g�a|YVfhlef^kh�0���SR½T�� �^_�R�}�R�Yc]ek~��� �~g�a|YVf^lzf^kh�0� �~Rw�b�ZY|n
�^[��+fh�hlz_|] ��g�a�YVlef^]`_VYV[ m′P

k=1

cks + 1 = 1 + aj
R

r
'��|n
lPd8YbaGg^l`¢£lefhkh�
h′, h′′ ∈ H

f^le]zg�a|YVf^khm�n d8gh�~�"]Pd8gh�~�z[Vm �bT��+�+kh�V[
h′

m′+k = h′′

m′+l = 0
k

h′

m′+l = h′′

m′+k = 1
�¡l d8k^f^k^�hn f�a g�a��ifhnZÁ0�h[|�ik^�hkh�SÁ �

1 6 k, l 6 m − m′
�
k 6= l

� �3a �if�a��^kh_

h′
k

h′′
fhle]eg^a|YVf^k^m�n �A�|�§�+k^�V[

h′

m′+k = h′′

m′+k = 1
�
aC_V[|� dLa

h′
k

h′′
f^le]zg�a|YVfhk^m�nDY�]ek~���

f^lz]eg�a|Y|f^k^m�[V]`_Vk
c′
k

c′′
}~a|}jg^lz¢©lef^k^\j�~g�a|YVf^lzf^kh�C� �SR��b�"d��^�

j = m′ + k
R

s©[V}~a ��lzm��|�h_|[	�^g^[Vkh�eYV[��+¸|f^[Vl
g^l`¢£lefhk^l
x = (x1, . . . , xm)T

�~g�a|Y|f^lef^kS��� �SRUT��Pm�[���l`_	�VnG_V¸
YVn
g�a ��lef^[ �^lzg^lz� % �+lem�lzfh_Vn�m�f^[���lz]z_|Yba

H
R � lzm�]ea|m�n
m�m�n d8[V}~a ��lzm��i�h_|[

H
�^Y{���^l`_V] �v�ba��ek^]e[Vm

�NkS�+¸V�|legh_{ahR
sv���

x = O
%`_V[6[V�^leY|k~d8f^[^RQx��V]`_V¸

x
� fhlefh���+lzYV[Vljg^lz¢©lef^k^l��Sg^a|YVf^lzf^kh��� �SRUT��`R � [V� dLa

mP
j=m′+1

xj > 0
R�WQ��l d8[VYVa�_Vl �+¸Vf^[�f�a|\~d8l`_V] �

xj > 0
RNq	a|\~d8lzm

h ∈ H
_�R���R

hj = 1
k

x − h > O
R

x,g^l d+]z_{a|YVkhm
x = x′ +h

��� d8l
x′

l = xl
d��^�

l = m′ +1, . . . , j − 1, j +1, . . . , m
�
x′

j = xj − 1
R � [V� dLa

kh�	�~g�a|YVfhlef^kh�0���SR½T��Z�^[����~��a|lzm

m′X

k=1

(x′

k + hk) =

mX

l=m′+1

alxl =

mX

l=m′+1

l6=j

alxl + ajxj ,

m′X

k=1

x′

k +

m′X

k=1

hk =

mX

l=m′+1

l6=j

alxl + aj(xj − 1) + aj.

x,[V]`��l d8f^lzl©g�a�YVlef^]`_VYV[ �|�id8lz_�YVn
�^[���fh�h_|¸V] �jd��^�
x′
k

h
���id8[VY��+l`_VYV[|g��(' �©kSÁ ] �+l d��$'��£k^m¨d8Y��Sm

�~g�a|YVfhlef^kh�hm �
8
>>>>><
>>>>>:

m′X

k=1

x′

k =

mX

l=m′+1

l6=j

alxl + aj(xj − 1)

m′X

k=1

hk = aj

x,leg^Y|[Vl£�~g�a|YVf^lzf^k^lcg�a��eg^lz¢©k^m�[j[|_Vf^[|]ekh_|l`�+¸Vfh[
x′
Y f^lz[|_Vg^kh��a�_Vl �+¸Vf^nZÁ0�^l �+nZÁ ��_�R�}�R��hY����^l`_V] �

�~g�a|YVfhlef^k^lzm �£g^[V�Vlzf^kh�V]ea©]Af^le[|_|g^k^��a{_Vl`��¸Vf^[V\ �^g^a|YV[V\§��a|]`_V¸�'=RS¾Q_V[Vg^[|l&�~g�a|YVfhlef^k^lAY=_|[V�^f^[|]z_Vk
]e[|YV��a�dLa�lz_�]£�~g�a|YVfhlef^k^lzm ���SRw�V� ��a �ef�a��^kh_jY

H
le]`_V¸�%`�+lzm�lefh_

h
���^Y{��� '��£k^\^] � lz�e[�g^l`¢£lefhk^lem
R

WQ�+l d8[VYba�_|l`�+¸|f^[ �+f�a|\~d+lef^[§k^]e}�[Vm�[|l=�^ghl d8]`_{a|Y��+lzf^k^l
x = x′ + h

R
º��^lzYVk~d8f^[(�N�h_V[�YVle}h_|[Vg

x′
_{a|}(��lc�^Y{���^l`_V] �6g^lz¢©lef^k^lzmp�Sg^a|YVf^lzf^kh�¦� �SRUT��`RNo&f�a{�+[|�ek^�^fh[ �

m�[�� fh[§f^a|\h_Vk��^g^l d8]z_{a|Y{�+lef^khl
x′ = x′′ + h

d^���jf^le}�[|_|[Vg^[V�z[
h ∈ H

RLx,g^[ed8[{� �ca���%`_V[|_��^g^[V�hle]e]



T��

��ac}�[Vf^lz�^f^[Vl	�^k^] �+[�¢£a|�e[|Y§�h[����~�^k^m¦fS����leYV[Vl	g^l`¢£lzf^k^l
�

x = x′ + h′ = x′′ + h′′ + h′ = · · · = O +

qX

s=1

αsh
(s).

��_{a|}��~�^[����~��a�lemyg�a��`�+[���lef^khl��^g^[|kh�iYV[{�+¸Vf^[V�z[£g^l`¢£lefhkh�
x
Y©Y|k~d8l�fhle[|_|g^k^��a�_|l`�+¸|f^[V\¹�+k^f^lz\^f^[V\

�^l �+[V�^k^] �+lefhf^[V\ }�[Vm��|k^f�a|�^khk�YVlz}h_V[|g^[VYvkh�
H
�b�h_V[vkc��a|YVlzgh¢�a�lz_,d8[V}~a���a{_Vl`��¸V]z_|YV[=_|le[Vg^lzm�n,R

º�_Vm�l`_Vk^m��h�h_V[©d8gh�~�z[Vl&d8[V}~a��ia�_Vl �+¸V]z_|YV[ %z_V[|\¹_Vle[|g^lem�n ��[V]zf^[VYba�f^f^[Vl�f^a£m�lz_V[edLa�Á¹_Vlz[Vg^k^k
�	[Vg^m"a{��¸Vf^nZÁ��zg�a|m�m"a�_|k^}��hdLa|f^[cY 
w�(� R

o �+�e[Vghkh_Vm�n �zlef^lzg�a|�^khk _|le]z_|[VYVnZÁ ]ekh]z_Vlzm o�q�r�s=t��£}�[|_V[|g^n
l��|�id+��_#�^ghl d8]`_{a|Y��+lzf^n
dLa{��lel Y %`_V[V\ � �8a�YVl �G[|]ef^[VYVa|f^n'f�a0�^[|]z_Vgh[Vlef^khkª]zk^]z_|lem�nÊk¨lel¤�ba��ek^]ia0�3k~�+¸V�Vlzgh_{a(�Gf�a��^khf�a��
] f^le}�[|_|[Vg^[V\ �^g^[V]`_Vle\S¢£le\ ]zk^]z_|lem�n,R � a|}�[Vl �^[|]z_Vgh[Vlef^khl&�^Y{���^l`_V] ��[V�Vg�a�_|f^n
mÈd��^��] �+l d��$'��£lz�e[ �
�^g^l d��8a|� a�lem�[V�z[ f�a|m�kj�^g^lz[V�Vg�a{�i[VYba�f^kh���^g^[|kh�iYV[{�+¸Vf^[V\j[ed8f^[Vgh[id+f^[V\j]ek^]`_Vlem�npo�q�r,s=t R

x��V]`_V¸
S(0)(I, A)

� �^g^[VkS�iYV[���¸Vf�a��X[ed8f^[Vgh[id+f�a�� ]ek^]`_Vlem"aCo�q�r,s=t
E(I)x = Ax

R��¿_��
]ekh]z_Vlzm«�jm�[ ��f^[���a��^k^]ia{_V¸ }~a|} eA(0)x = O

��� d8l eA(0) = A − E(I)
R �Zlz�v�^[�_Vleghk�[V�
�©f^[V]`_Vk�����d+lem

�^g^l d8�^[��+a|� a�_V¸(�K�h_|[
S(0) f^l§]e[ed8lzg ��kh_ _|[��cd8lz]z_|YVlef^fhnZÁC�~g�a|YVfhlef^k^\ 0 = 0

�¡kSÁÈY|]ele� d8a�m�[�� f^[
�idLa{�+kS_V¸§�Vlz�vkh�em�lef^lzf^kh� m�fh[ �£le]z_|Ybacg^lz¢©lef^k^\�]ek^]`_Vlzm�nA�`R

x,g^lz[V�Vg�a��e[VYba|fhk^l,]ek^]`_Vlzm�n
S(0) �|�id8lzm¨YVn
�^[{�+fh�h_|¸��h[|¢�a|�z[VYV[

S(0) → S(1) → · · · → S(r)

d8[�_Vl Á#�h[Vg��	�^[V}~aªfhl �^[{���~�^k^mD]zk^]z_|lem«�
S(r) ��d���� }�[|_V[|g^[V\ dLa��+¸Vf^lz\h¢£lzl¨�^g^lz[V�Vg�a{�i[VYba�f^k^l

f^lzYV[|�im�[���f^[^R{x,[V]`��l¿}~a ��d8[V�z[A¢£a|� a��^g^lz[V�Vg�a{�i[VYba�f^kh�=[V�^leghl d8f�a{�©]zk^]z_|lem"a��|�id8l`_�k^m�l`_V¸�f�a [ed8f^[
�~g�a|YVfhlef^k^lvm�lefh¸|¢£l�R

x��V]`_V¸
S(l) � _Vle}S� �£a���]ek^]`_Vlem"a eA(l)x = O

R8WQ��[ ��k^m YV]el,�~g�a|YVfhlef^kh���

mX

j=1

cjxj = 0,
� d8l

cj =
X

i

eA(l)
ij .

���SR����

W¿�~m�m�k^g^[|Yba|f^k^l#�^g^kDYVn
�hk^]`�+lzf^k^k
cj
k�d8lz_'�^[ YV]elzm �Sg^a|YVf^lzf^kh�^m

i
]ek^]`_Vlzm�n

S(l) R
x,g^le[|�Vg�a��e[VYba|f^khl

S(l) → S(l+1) YVn
�^[��+fS�^lz_|] ���¿le]`��k Áb[|_��¦�Vn°[ed8k^f¦}�[�%&���vkh�^k^lefS_
cj = −1

R
¾ %z_V[|m¨]`�^�S�^a|l=f^a|\~d8l`_V] �j�Sg^a|YVf^lzf^k^l

i0
_�R8��R

K =
n

k | eA(l)
i0k = −1

k eA(l)
ik = 0

d^���jYV]el Á
i 6= i0

o
6= ∅.

�,]e�^[{�+¸|�e�����~g�a�YVf^lefhk^l
i0
Y|n
g�a��ikhm¨f^lzkh�iYVlz]z_|f^n
l

xk
�
k ∈ K

�

X

k∈K

xk =
X

k/∈K

eA(l)
i0kxk = Tl+1(x).
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�,]e}�[Vm"a�� ]zk^]z_|lem"a
S(l+1) ]`_Vg^[|kh_V] �?}Sa�} ]z[V]z_|[�� ��a�� kh�³YV]zl`Á��~g�a|YVfhlef^k^\ ]ek^]`_Vlzm�n

S(l) ��a
k^]z}S� '��hlef^k^lzm¦�~g�a|YVf^lzf^kh�

i0
R

x,g^lz[V�Vg�a��e[VYba|fhk^l��ia|YVlegS¢�a|l`_V] �X�^leghlz��}�[Vf^lz�^f^[Vl �^kh]`�+[ ¢£a|�e[VY(�K�^[V]z}�[��+¸V}h�0f�a�}~a ��d8[Vm
¢�a��elckh�§]ek^]`_Vlzm�n���d8a{���^l`_V] �6g^[VYVfh[j[ed8fh[j�~g�a|Y|f^lef^khl|R�¾pg^lz�z����¸�_{a{_Vl¹�^[{���~��a|lemª]ek^]`_Vlzm«�

S(r) �
� d8l

0 6 r < n
�
n
���^k^] �+[©�~g�a|YVfhlef^k^\ Y=k^] Áb[ed8fh[V\ ]ek^]`_Vlzm�l

S(0) RS¾¨�^[��^�S�hlef^f^[|\ ]ek^]`_Vlem�l��|�id8lz_

n − r
�~g�a�YVf^lefhk^\�R
� ]`��k�]zk^]z_|lem"a

S(r) ]z[V]z_|[Vkh_¹kS�=[ed8fh[V�e[c�~g�a|YVf^lzf^kh� �^_V[§[Vf�ack^m�lel`_ ] �+l d+� '��£k^\ Y|k~d��

X

j∈Il

xj =
mX

j=1

aljxj
���SRw�V�

� d8l
l
�?[V]z_{a�Y|¢£lzle] �j�Sg^a|YVf^lzf^k^lvk^] Áb[ed8f^[|\ ]ek^]`_Vlzm�n,R
� ]`��k

p = n− r > 1
�S_|[�YV]el,}�[�%&���vkh�^k^lefS_Vn

cj > 0
R�WQ��l d8[VYVa�_Vl �+¸Vf^[§�^g^k

cj > 0 xj = 0
R

sv����}�[�% ���	k^�^khlefh_|[VY
cj = 0

]ekh]z_Vlzm"a�k^m�lzlz_�]`�+l d+� ' �©k^\ YVk~d �

X

i∈Ik

xi =
X

j∈Jk

xj, k = 1, p,
� �SR�¥b�

� d8l S
k=1,p

Ik =
S

k=1,p

Jk
R +Ka{�i�Vk^lzf^k^l

I
�
J
� g�a��i�|k^lef^khl�d�����]zk^]z_|lem�n

S(r) ]��S�hlz_V[|m _|[V�e[ �K�h_V[

xj = 0
d^���

cj > 0
R

�Ga{�ik^] �NkS�+¸V�Vlzgh_{a
H

(0) k^] Áb[ed8f^[|\ ]ek^]`_Vlem�n S(0) m�[���l`_��VnG_|¸�YVn
�^kh]`�+lzf �^[��ba{�ik^]`�
�NkS�+¸V�|legh_{a

H
(r) kh_|[V�e[|YV[V\�]zk^]z_|lem�n S(r) � �~g�a|YVfhlef^k^l¦� �SRw�V�¹kS�+kª]ek^]`_Vlzm"ap� �SR�¥b� � YX�^[Vgb��d8}�l �

[V�Vg^a�_Vf^[|m¨YVn
�^[{�+f^lefhf^[Vm«���^g^lz[V�Vg�a{�i[VYba�f^k ' �

H
(r) → H

(r−1) → · · · → H
(0).

x��V]`_V¸
H

(l+1) �'_|le}h� �£kh\C�ba��ek^]c�NkS�+¸V�Vlzgh_{a(�N]z[V[|_VY|lz_V]`_VY|� '��£k^\�]zk^]z_|lem�l eA(l+1)x = O
R

� [|� dLa�]z� �£lz]z_VY��Vlz_ �~g�a�YVf^lefhk^l

X

k∈K

xk =
X

k/∈K

eA(l)
i0kxk = Tl+1(x).

� �SR 6V�

}�[|_V[|g^[VlZ�|nZ�+[�k^]z}S� '&�^lef^[,kS�G]ekh]z_Vlzm�n eA(l)x = O
d^���£�^ghle[V�Vg^a��i[VYVa|f^kh�=Y�]zk^]z_|lem«� eA(l+1)x = O

R
	,[Vm��^[Vfhlefh_|n�g^lz¢©lef^kS�

xk
�
k ∈ K

m�[�� f^[��^[{���~�^kh_V¸��^[ed8]z_{a|Y{���h�6}~a �cd+n
\6YVlz}h_V[|g0kh�§�ba��ek^]ia
�NkS�+¸V�|legh_{a

H
(l+1) Y§�Sg^a|YVf^lzf^k^l����SR 6|�`R8x,[����~�^lefhf^n
\¤�ba��ek^]=�hY����^l`_V] �¤�Va��ik^]z[Vm��NkS�+¸V�|legh_{a

H
(l)

d����j]zk^]z_|lem�n eA(l)x = O
R
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m
$�2/. SABA2c,10b$�<�3�.

�

E(I1, . . . , In)x = Ax.
� �SR��b�
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� 8�"%8 � 8 $�8*=�&UT "C2/$�. � ` 8CSC.�, 8 ^�.�9�;�`C2:'�0b8 ,/.�,10�2 3�<�E �~Rw� N ,cBA&%"%.�0�,�� � SC8�"%8 � 2 $�8U=)&UTV"A21$�. �
` 8CSC.�, 8 ^�.�9�;�`C2:'�0b8 9).�`C& D '�8 BC$�2/$�. � BA.�"%8!E �SRw� N ��9�.�`C& ,1.�,/0�2 3I< BA.�"%8!E �SR�¥ N 	

� ����������� ����� �!��"�� 	cx	ghle[V�Vg^a��e�|lem�]zk^]z_|lem«�¨� �SR��b� ��k^�V[j}ÈY|k~d+�X���SRÀ�|� �L�+kh�V[�}ÈY|k~d+�X���SRw¥V� ��}~a|}
�VnZ�+[	�^[|}Sa{��a|f^[	YVnG¢©l|R7+�lz¢�a�lem0�ia�dLa��h��f�a�Áb[��cd+lef^kh�§�ba{�ik^]eav�NkS��¸V�VlegS_{av�^[{���~�^lef^fh[V\�]zk^]z_|lem�n,R
¾Zn
�^kh]`���hlem �ba{�ik^] �NkS�+¸V�|legh_{a�k^] Áb[ed8fh[V\Ê]zk^]z_|lem�n Y��^[Vgb�~d+}~l ��[V�Vg�a�_|f^[Vm YVn
�^[���f^lef^fh[Vm«�
�^g^lz[V�Vg�a{�i[VYba�f^k '©R

� a|}^k^mC[|�Vg�a��e[Vm��b_Vle[|g^lem"ac�SRw�v]zYV[ed8kh_£�ia�dLa��h���elzf^leg�a��^k^k ]ekh]z_Vlzm�nªo�q�r,s=tªk¹lel&�ba��ek^]ia
�NkS�+¸V�|legh_{a§}j�zlef^lzg�a|�^khk �V[��+lzl	�^g^[V]`_V[V\j]ek^]`_Vlzm�n�� �~g�a�YVf^lefhkh�����SRw�V�ZkS�+kj]ek^]`_Vlzm�n � �SR�¥b�`R

� 8*3�2��W8�$�.�2 �SRUT
	 � ] �+k k^] ÁV[ed8f�a��¤]zk^]z_|lem"a ���SRw�V� ]zYV[ed8kh_V] � }��~g�a|YVfhlef^k 'O� �SRw�V� ��_|[ f�a{ÁV[��cd8lzf^k^l
�ba��ek^]ia=�NkS�+¸V�Vlzgh_{a=�h[V]`�+l d8f^lz�e[£m�[���l`_©�VnG_|¸£�^[��^�S�hlef^[=f�av[|]ef^[VY|lA_|le[Vg^lzm�n³�SRUTVR�¾ %`_V[VmC] ���~��a|l
g^l`¢£lefhk^l³�ia�dLa��^k �elzf^leg�a��^k^k?]zk^]z_|lem�n ���SRw�V�6f�a��^k^f�a�lz_V] � ]��elzf^leg�a��^k^k �~g�a�YVf^lefhkh�Ê� �SRw�V�6k
�^[V]`_Vg^[|lef^kh��le�z[��Va��ik^]ea��NkS��¸V�VlegS_{a����SRÀ�|�`R

� 8*3�2��W8�$�.�2 �SRw� 	&WZk^]z_|lem"a�� �~Rw¥b�£_{a|}(�£l��^Y{���^l`_V] � [ed8f^[|g^[ed8f^[V\¦]zk^]z_|lem�[V\�o�q,r�s=t RQ¾ _V[ ��l
YVg^lzm«�È[Vf�a k^m�lel`_��|[��+lelc�^gh[V]z_|[V\6Y|k~d��h[j]zg�a|YVfhlef^k ' ]ck^] Áb[ed8fh[V\0]zk^]z_|lem�[V\�RP¾Z[ " �^leghYVnZÁ �N[Vf�a
]e[ed8lzg � kh_ m�lef^¸�¢£lel©�^k^]`��[��~g�a|YVfhlef^k^\�R�¾Z[ " Y|_V[|g^nZÁ �8]z[ed8leg ��kh_¹_V[{�+¸V}�[ fh���+lzYVn
l©k�l d8khf^k^�^f^n
l
}�[�% ���	k^�^khlefh_|n,R � lzm�]ia|m�n
m��Pf�a{ÁV[ ��d8lzf^k^l¹lzl �ba��ek^]ia��NkS�+¸V�Vlzgh_{a��^Y{���^l`_V] ���PYV[V[V���£l �z[VYV[Vgb� �
�V[���lel	�^g^[V]`_V[V\j��a�d8a��hle\����^lzm¨f�a�Áb[��cd+lef^k^lv�ba��ek^]iack^] ÁV[id+f^[V\�]zk^]z_|lem�n,R
� '�.W3�2:' �~R½T E � '�.�B�21"C2/$�.�2 &%"%$�&(')&*"%$�&*+ ,/.�,/0�2 3I< �6FIHKJML �-BA.�" D E �~RÀ� N]N 	=x,�|]z_|¸#��a�d8a|f�a
]ekh]z_Vlzm"a�o�q,r�s=t �

8
>>><
>>>:

x1 + x3 = 3x4 + 2x5

x2 = 5x1 + 7x3 + 2x4 + 3x5

x4 + x5 = 4x5

W¿_Vgh[Vk^m¨�~g�a|Y|f^lef^khl=YVk�dLaj� �SR���� �

4x1 − x2 + 6x3 + 4x4 + 8x5 = 0.

x,g^k^m�lzf^k^m �^g^lz[V�Vg�a��e[VYba|fhk^l°]ekh]z_Vlzm�n �
c2 = −1

�`RCWQ�+l d8[|Yba�_Vl �+¸Vf^[u�h[����~��a|lzm �^g^a|YVkS�+[
YVn
�^kh]`�+lzf^kh�j�if�a��^lzf^kh���^leg^lzm�lef^fh[V\

x2
�

x2 = 5x1 + 7x3 + 2x4 + 3x5 = T1(x).

�,]e}S� '���a|lzm¨�~g�a|YVfhlef^k^l=��kh�vg�a|]z]em�[|_|g^lef^kS��kj�^[����~��a�lem¨]zk^]z_|lem«�jYVk~d8a �
8
<
:

x1 + x3 = 3x4 + 2x5

x4 + x5 = 4x5



T�¥

x,leg^lz]e�^kS_Vn
Yba|lzm¦�~g�a|YVf^lzf^k^l � �SR���� �

−x1 − x3 + 2x4 + 5x5 = 0.

x,g^k^m�lzf^k^m �^ghle[V�Vg^a��i[VYVa|f^k^l³]ek^]`_Vlzm�n �
c1 = −1

k
c3 = −1

�`Rcx,[����~��a�lem �^g^a|YVkS�+[�d����
YVn
�^kh]`�+lzf^kh���^leg^lzm�lef^fhnZÁ

x1
k

x3
�

x1 + x3 = 3x4 + 2x5 = T2(x).

�,]e}S� '���a|lzm6�~g�a|Y|f^lef^khl=T
kh�Ag�a�]e]em�[�_Vg^lzf^kh��k§Y	kh_|[V�el �£f^a|]
[V]z_{a�lz_V] ��_V[���¸V}�[=[ed8f^[,�~g�a|Y|f^lef^khl|R
WQ�+l d8[VYba�_|l`�+¸|f^[ m�nª�^g^k^YVl �+kj]ek^]`_Vlem«�jo�q,r�s=t }�YVk~d+�È���SRw�V� �

8
>>><
>>>:

x4 + x5 = 4x5

x1 + x3 = T2(x)

x2 = T1(x)

q	a{Áb[���d8lefhk^l	�ba��ikh]ia§�3k~�+¸V�Vlzgh_{a�d��^� d8a|f^f^[V\�]zk^]z_|lem�npYVn
� ����d8kh_�_{a|} �

x4 = 3x5

�Ga��ek^]v�NkS�+¸V�Vlzgh_{a�d^���¹dLa|f^f^[|�e[��~g�a|YVf^lzf^kh���

H =

8
>>>>>>>><
>>>>>>>>:

0
BBBBBBBB@

0

0

0

3

1

1
CCCCCCCCA

9
>>>>>>>>=
>>>>>>>>;

x,g^k^m�lzfh�^lzm¨Y|_|[Vg^[Vlv�^g�a|Y|kS�+[ �

x1 + x3 = 3 ∗ 3 + 2 ∗ 1 = 11.

x,[����~��a|lzm�TVT	g^l`¢£lzf^k^\��~g�a|Y|f^lef^kS��R+x,g^k^m�lzfh�^lzm¦�^leghYV[Vl	�^g�a|Y|kS�+[ �

x2 = 5x1 + 7x3 + 2x4 + 3x5.

x,[����~��a�lem¨�Va��ik^]	�NkS��¸V�VlegS_{a�d����j[ed8f^[|g^[ed8f^[V\j]ek^]`_Vlzm�npo�q�r�s©t R

H =

0
BBBBBBBB@

11 10 9 8 7 6 5 4 3 2 1 0

64 66 68 70 72 74 76 78 80 82 84 86

0 1 2 3 4 5 6 7 8 9 10 11

3 3 3 3 3 3 3 3 3 3 3 3

1 1 1 1 1 1 1 1 1 1 1 1

1
CCCCCCCCA
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� '�.W3�2:' �~RÀ� E � '�.�B�21"C2/$�.�2 &%"%$�&(')&*"%$�&*+ ,/.�,/0�2 3I< �6FIHKJML �-BA.�" D E �~Rw¥ N]N 	=x,�|]z_|¸#��a�d8a|f�a
]ekh]z_Vlzm"a�o�q,r�s=t �

8
>>><
>>>:

x1 + x3 = x1 + 3x3

x2 = x2 + 5x3

x4 = 2x1 + 3x2 + 7x3

W¿_Vgh[Vk^m¨�~g�a|Y|f^lef^khl=YVk�dLaj� �SR���� �

2x1 + 3x2 + 14x3 − x4 = 0.

x,g^k^m�lzf^k^mÂ�^g^lz[V�Vg�a{�i[VYba�f^k^l³]ek^]`_Vlem�n �
c4 = −1

�`R§x,[����~��a�lemÂ�^g�a�YVkS�+[pd���� YVn
�^k^] �+lef^kS�
�if^a��hlef^kh���^lzg^lem�lzf^f^[V\

x4
�

x4 = 2x1 + 3x2 + 7x3 = T1(x).

�,]e}S� '���a|lzm¨�~g�a|YVfhlef^k^lv�ckh�vg�a|]z]em�[|_|g^lef^kS��kj�^[����~��a�lem¨]zk^]z_|lem«�jYVk~d8a �
8
<
:

x1 + x3 = x1 + 3x3

x2 = x2 + 5x3

x,leg^lz]e�^kS_Vn
Yba|lzm¦�~g�a|YVf^lzf^k^l � �SR���� �

7x3 = 0.

� a�}³}~a|}³�V[���¸|¢£l f^l �+¸|�e�³�^ghk^m�lefh�S_V¸ �^g^le[|�Vg�a��e[VYba|f^khlÈ]zk^]z_|lem�n � _V[X�^[��8a�� a|lem �^leg^lzm�lef^fS�$'

x3 = 0
�^_�R�}�R

c3 > 0
R�¾³kS_V[V�zl,dLa�f^f�a���]zk^]z_|lem"a��hg^k^YVl d8lef�a§}�Y|k~d+�È���SRw¥V� �

8
>>>>><
>>>>>:

x1 = x1

x2 = x2

x3 = 0

x4 = T1(x)

q	a{Áb[���d8lefhk^l	�ba��ikh]ia§�3k~�+¸V�Vlzgh_{a�YVn
� �^�~d8kh_§_{a|} �+g^l`¢�a|lzm¦]ekh]z_Vlzm«���Sg^a|YVf^lzf^k^\
8
<

:
x1 = x1

x2 = x2

�Ga��ek^]v�NkS�+¸V�Vlzgh_{a�d^����%z_V[|\�]zk^]z_|lem�n �

H =

8
>>>>><
>>>>>:

0
BBBBB@

1

0

0

0

1
CCCCCA

,

0
BBBBB@

0

1

0

0

1
CCCCCA

9
>>>>>=
>>>>>;
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x,g^k^m�lzfh�^lzm �^g^a|YVkS�+[ d���� f�a�Áb[��cd+lef^kh�
x4
k �h[����~��a|lzm �Va��ik^] �3k~�+¸V�Vlzgh_{a6d���� [ed8f^[|g^[ed8f^[V\

]ekh]z_Vlzm�npo�q�r�s=t �

H =

8
>>>>><
>>>>>:

0
BBBBB@

1

0

0

2

1
CCCCCA

,

0
BBBBB@

0

1

0

3

1
CCCCCA

9
>>>>>=
>>>>>;

FG; FG; ���"�LB� ����"-��
 �2� P7v 3��$)I8�������� �M&$�$

	 a�d8a��^a ��a|}~� '���a�lz_V] � Y [ed8f^[|YVg^lem�lzf^f^[Vm �^[V]`_Vg^[|lef^k^k [ed8f^[|g^[ed8f^[V\ ]ekh]z_Vlzm�n
o�q�r�s=t ���SR��b� k lel°�ba{�ik^]eaD�NkS�+¸V�Vlzgh_{a

H
RCWZk^]z_|lem�n �elzf^leg^khgh� '&_V] � ] _V[V�^fh[V]z_|¸�' d8[

%e}hYVk^Yba{��lefh_|f^[V\�R
¾ ]`�^�S�^a|l��^g^[Vkh�eYV[��+¸|f^[V\X]ek^]`_Vlem�n %`_{a �ia�dLa���a¤YVn
�^kh]`�+kh_|l`�+¸|f^[ %e}hYVk^Yba{��lefh_|f�aÈ�ia�dLa��^l

f�a{ÁV[��cd8lzf^kh� �ba��ikh]ia �NkS��¸V�VlegS_{ahR +Pa��e�~m�f^n
m Y _{a|}�[V\ ]zkh_|�Va|�^k^k �^Y{���^l`_V] � Y|n¿d8l`�+lzf^k^l
f^lz}~[�_V[Vg^nZÁ§�^a|]z_|f^nZÁc}S�8a�]e]e[|Y,]ek^]`_Vlem0o�q�r�s©t��id8[V�S�V]e}~a '��£kSÁ§�|[��+lel
�hg^[V]z_|[Vl g^lz¢©lef^khl �ia�dLa��^k
�elzf^leg^a|�^k^k�R

Àëãîðèòì 1
Àëãîðèòì 2

Àëãîðèòì 3

���������	� +Ka��e�Vk^lzf^k^l§m�f^[���le]`_VYba�[ed8f^[Vg^[ed8fhnZÁ0]zk^]z_|lem�o�q�r,s=t�f�a�g�a��`�+k^�^fhn
l�}S�+a|]e]zn
�elzf^leghk^gh�Vlzm�nZÁ ]zk^]z_|lem
R

¾0[|�
�£lzmÈ] ���~��a|l a{���e[Vg^kS_VmÈ�elefhleg�a|�hk^k�]zk^]z_|lemÈf^le}�[|_|[Vg^[V�z[	}S�8a|]z]ia,�^[����~��a�lz_	Y�}~a��^le]`_VYVl
Y�ÁV[id+f^nZÁ���a|g^a|m�lz_|g^[VY»g�a��em�leg^f^[|]z_Vk �elzf^leg^khgh�Vlzm�[V\?]zk^]z_|lem�n � �^k^]`��[»�~g�a�YVf^lefhk^\

n
�£�^kh]`�+[

f^lzkh�iYVlz]z_|f^nZÁ
m
�
0 < n 6 m

� RP¾¿nZÁb[ed8f^n
m�k���a�g�a|m�lz_|g�a|m�kC�hY���� 'A_V] �6g�a��e�Vk^lefhk^l¹m�f^[���lz]z_VYVa
f^lzkh�iYVlz]z_|f^nZÁ

I
�hm"a�_|g^k^��a£}�[�%&�
�	k^�hk^lefh_|[VY§�^g�a|YV[|\¹��a|]`_Vk

A
�Sm"a�_Vghk^��a�}�[�% ���	k^�^k^lzfh_V[|Y���leYV[V\

��a|]`_Vk
E(I)

k��Va��ik^]v�NkS�+¸|�Vlegh_{a
H
R
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+Pa|�V[|_{a a{�+�z[Vg^kh_|m�[VY f^a{Áb[���d8lef^kS� �Va��ik^]ea �3k~�+¸V�Vlzgh_{a �ia|YVk^]zkh_ [|_ g�a��im�lzg^f^[V]`_Vlz\
�elzf^leghk^gh�Vlzm�[V\ ]zk^]z_|lem�n ��}�[��+k^�hle]z_|Yba %`�+lzm�lefh_|[VYv�ba��ikh]ia,�NkS�+¸V�|legh_{a(�bY|l`�+k^�hk^fc}~[ % ���	k^�^k^lzfh_V[VY
m"a�_|g^k^�^n

A
RSx,[�%z_|[Vm«���bd���� �^[����~�^lzf^kh� [V�hg^l d8l �+lefhf^nZÁ¹Á�a�g�a|}h_|leg^k^]`_Vk^}j�elzf^leghk^gh�Vlzm�nZÁj]ekh]z_Vlzm

_Vghle�|�|lz_V] � �~�^g^a|Y��+lzf^k^l��^a|g�a|m�l`_Vg�a|m�k¦a{�+�e[|g^kh_Vm�[|Y �"[V�eg�a�f^k^�^lzf^k^l�f^a6}�[��+k^�hle]z_|YV[ % �+lem�lzfh_V[VY
�ba��ek^]ia§�NkS�+¸V�|legh_{a(��f^a§YVl �+k^�^khf^n�}�[�% ���	k^�^khlefh_|[VY m"a�_|g^k^�^n

A
R

+�lz�e���+¸�_{a�_|n �elzf^leg^a|�^k^k m�[V�z��_ k^]z�^[��+¸��i[VYba{_V¸V] � ��YV[ " �^leg^Y|nZÁ �pd���� _|le]`_Vk^g^[|Yba|f^kh�
�^g^[|�eg�a|m�m�fhnZÁ?ghlia{�+kS��a|�^kh\°a{�+�z[Vg^kh_|m�[VY#ghlz¢£lzf^kh�?]ek^]`_Vlem q�r�s=t R�¾ %z_V[|m ]`���~��a�l��^[V] �+l
�elzf^leg^a|�^k^k _Vg^[|\^}^k

(E(I), A, H)
m�[�� fh[ d8[V�^[���f^kh_Vl �+¸Vf^[ YVn
�h[��+f^kh_|¸ �hleg^lzfh�~m�leg�a|�hk '

f^lzkh�iYVlz]z_|f^nZÁ k��{kS�+k �~g�a�YVf^lefhk^\�R ¾¿[ " Y|_|[Vg^nZÁ � ]e�elzf^leghk^g^[VYba�f^f^n
l ]zk^]z_|lem�n m�[V�z��_
k^]z�^[��+¸|�e[VYba�_|¸V] �³d^�����hg^[VYVl d8lef^kS� %z}~]z�^leghk^m�lefh_{a��+¸Vf^[V�z[�a�f�a{�+kh�iaXkª]eg�a�YVf^lefhkh�pa{���e[Vg^kS_Vm�[VY
g^l`¢£lefhkh��]zk^]z_|lem�q�r�s=t R

FG; 4 ; H *,I8����$&BKJ :��  ��� «*,�"I¦@����N�"1"�� �2��"-" "�&$&>��Z 3("���L �� � ���Q7v ����
	

x��V]`_V¸
n
k

m
��a �	k^}�]ekhg^[VYba|fhf^n �S�hg^k^�^lzm

0 < n 6 m
R �Q��d+lemC]`_Vg^[VkS_V¸�]ekh]z_Vlzm«� o�q�r,s=t

YVk~d8a

Ex = Ax
� �SR��b�

]	�ba��ek^]e[Vm¨�NkS�+¸V�Vlzgh_{a(��]z[id+leg �ca��©k^m¦]z_{a�f~dLa|gh_|f^n
l£l d8k^f^k^�hf^n
l©YVlz}h_V[|g�a§kS�
Zm �

H = {e1, e2, . . . , en}.
���SRUT�¼b�

·�a�_|g^k^�h�
E
}~[ % ���	k^�^k^lzfh_V[VY��+leY|[V\ ��a|]z_|k0]`_Vg^[Vkhm�}~a|}

E = (E | B)
�N� d8l

E
�)]z_{a|f~d8a|gh_Vf^a��

l d+k^f^k^�^f^a��
(n × n)

" m"a�_Vg^kh��a��
E = E({1}, {2}, . . . , {n})

� �Qa
B > O

� �hg^[Vkh�eYV[��+¸Vf^a��
n ×

(m − n)
" m"a�_|g^k^��aSRZ·�a�_Vg^kh�h�

A
}�[�%&�
�	k^�hk^lefh_|[VY��^g�a�YV[V\¨�^a|]z_|k¦]z_|g^[Vk^m }~a|}

A = (E | C)
�

� d8l
E
�Ê]z_{a�f~dLa|gh_|f�a��0l d8k^fhk^�^f�a��

(n × n)
" m"a{_Vg^k^�^a(�

C = B + ∆
k6m"a�_Vg^kh��a

∆ ∈ Z
n×(m−n)
+�id8[VY���lz_VY|[Vgb�^lz_ ]`�+l d+� ' �©lem«���V] �+[VYVk ' �

∀ i
�Sg^a|YVf^lzf^k^l m−nX

j=1

∆ijxj+n = 0
k^m�lzlz_§_V[���¸V}�[ fh���+lzYV[Vl	g^lz¢©lef^khl

.
���SRUTVT��
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� ����������� ����� �!��"�� 	cx	lzg^le�hk^]en
Yba{��]zk^]z_|lem«�0� �SR��b�Z�^[{���~��a|lem

(E | B)x = (E | (B + ∆))x ⇒ (O | ∆)x = O

� lzmC]ia�m�n
m��
Ox′ +∆x′′ = O

�~� d+l
x′ = (x1, . . . , xn)T

�
x′′ = (xn+1, . . . , xm)T

RhWZkh]z_Vlzm"a
∆x′′ = O

k^m�lzlz_©_|[��+¸V}�[£fS����leYV[VlAg^l`¢£lefhk^l
x′′ = O ∈ Zm−n Yv]ek~���c�V]`��[VYVkh�¤� �SRUTVT�� R7+Plz¢©lef^kS�^m�k ]ekh]z_Vlzm�n



�|¼

Ox′ = O
[|�^leYVk�d8f^[¨�hY���� 'A_V] ��� '��|n
l0YVlz}h_V[Vg^a¨kh�

Zn
+

�Aa��if�a��^kh_¦m�k^f^k^m"a{��¸Vf^n
l0ghlz¢£lzf^kh�
[V�^ghl d8l ��� 'A_V] � �Va��ik^]z[Vmp���SRUT�¼b�`R

q	a	[V]ef^[|YVl&Y|nG¢£le]z}~a���a|fhf^[V�e[��h[����~��a|lzmya{�+�e[|g^kh_Vm T
d������elzf^leg�a��^k^k ]ekh]z_VlzmyYVk~dLa � �SR��b�`R

����� ��
�� ��
 � �~lef^lzg�a|�^kh��]ekh]z_Vlzm�npo�q�r�s=t»k��ba{�ik^]ea§�NkS��¸V�VlegS_{a�}jf^le\
��� �����

n
�?�hk^]`�+[c�~g�a|YVfhlef^k^\ �

m
�?�^k^]`��[�f^lzkh�iY|le]z_|f^nZÁ �

n 6 m
R

�	�
� �����
(E, A, H)

R
�
�

H = {e1, e2, . . . , en} �
��� �elzf^leg^khgh�Vlzm ]`���~��a|\hf^n
m [V�Vg�a{�i[VmXm"a�_Vghk^�h�

B ∈ Z
n×(m−n)
+ �

��� �elzf^leg^khgh�Vlzm ]`���~��a|\hf^n
m [V�Vg�a{�i[VmXm"a�_Vghk^�h�
∆ ∈ Z

n×(m−n) �^�id8[VY��+l`_VYV[|g��(' �=�$'?� �~R½TVT�� �
� �

E := (E | B) � A := (E | B + ∆) � � E ∈ Zn×n �?l d8khf^k^�^f�a{��m"a{_Vg^k^�^a��

WZ[V� �+a|]ef^[�_Vlz[Vg^lzm�nÂ�SRw�¨��a�dLa���a f�a�Áb[��cd+lef^kh� �ba{�ik^]ea³�NkS��¸V�VlegS_{a¦d��^�¯]zk^]z_|lem�n ���SR��b�
]eY|[id+kh_V] �Ê}��ia�dLa��^l f�a{Áb[���d8lefhkh�Ê�Va��ik^]ea �NkS��¸V�VlegS_{a d����)]ekh]z_Vlzm�n YVk~dLa)� �~Rw¥b� R�s£a|f^f^n
\
a{�+�z[Vg^kh_|m �^Y��^�^lz_|] � a|f^a{�+[V�z[Vm �^ghle[V�Vg^a��i[VYVa|f^kh� �hai�V]z]ia � �'[Vg|dLa|f^[ Y }�[Vf^lz�^f^[Vm
�^g^l d8]z_{a�Y��+lefhk^k m"a�_|g^k^��}�[�%&���vkh�^k^lefS_V[VY�Y§Y|k~d8l

A = (E | C)
R

� '�.W3�2:' �SR��"	�¾QÁb[ed��
n = 3, m = 4

� a|�cT �

H =

0
BBBBB@

1 0 0

0 1 0

0 0 1

0 0 0

1
CCCCCA

.

� a|�=� �
B = (1, 0, 0)T .

� a|�v� �
∆ = (2, 2, 3)T .

� a|�	� �

E = (E | B) =

0
BBB@

1 0 0 1

0 1 0 0

0 0 1 0

1
CCCA A = (E | B + ∆) =

0
BBB@

1 0 0 3

0 1 0 2

0 0 1 3

1
CCCA .
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n
k

m
�ia �	k^}�]ek^gh[VYba|f^fhn �S�^ghk^�^lem

0 < n < m
R �¿�id8lem�]`_Vg^[VkS_V¸£]zk^]z_|lem«�¹o�q�r,s=t

YVk~d8a

Ex = Ax
���SRUT��V�

]	�ba��ek^]e[Vm¨�NkS�+¸V�Vlzgh_{a �

H = {F | E}T,
���SR½Ti�b�

� d8l
E
��]`_{a|f~dLa|gS_Vf�a��©l d8khf^k^�^f�a{�

((m−n)×(m−n))
" m"a�_Vghk^��ac�

E = E({1}, {2}, . . . , {m−n})
� �

a
F > O

�
(m − n) × n

" m"a{_Vg^k^�^ahR
·�a{_Vg^k^�S�

E
}~[ % ���	k^�^k^lzfh_V[VY��+lzYV[V\ ��a�]z_Vk�]`_Vg^[Vkhm }~a|}

E = (E | B)
�©� d8l

E
�

]z_{a�f~dLa|gh_|f�a��ul d8k^f^kh�^f�a��
(n × n)

" m"a�_|g^k^��aÊ�
E = E({1}, {2}, . . . , {n})

� �ja
B > O

�
�^g^[|kh�iYV[{�+¸Vf�a��

n × (m − n)
" m"a�_|g^k^��aSR ·�a�_|g^k^�h�

A
}�[�% ���	k^�^k^lzfh_V[|YX�hg�a|YV[V\¨��a|]z_|k�]z_Vgh[Vk^m

}~a|}
A = (D+ | C)

�^� d+l
D+ ∈ Z

n×n
+

�h_�R+��R

D+
ij =

8
<

:
0

�^le] �+k
i 6 j

dij ∈ Z+
�^le] �+k

i > j

���SR½Te���

C = B + ∆
k�m"a�_|g^k^��a

∆ ∈ Z
n×(m−n)
+

��d+[VY��+l`_VYV[Vgb�hlz_�]`�+l d+� ' �£lzm«���|]`�+[|YVk ' �

∀ i
�Sg^a|YVf^lzf^k^l m−nX

j=1

∆ijxj+n = 0
k^m�lzlz_§_V[���¸V}�[ fh���+lzYV[Vl	g^lz¢©lef^khl

.
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� ����������� ����� �!��"�� 	§WZ[V� �8a|]zf^[�_|le[Vg^lzm�l£�~RÀ�£�^g^[|kh�iYVl d8lem¨�^g^le[|�Vg�a��e[VYba|f^khlv]zk^]z_|lem�n ���SR½T��V�`R

(E | B)x = (D+ | (B + ∆))x ⇒ ((D+ − E) | ∆)x = O

� lzm�]ea|m�n
m��
(D+ − E)x′ + ∆x′′ = O

�N� d8l
x′ = (x1, . . . , xn)T

�
x′′ = (xn+1, . . . , xm)T

R3¾»]ek~���
]e�hle�^k �	k^}hk��^[V]`_Vg^[|lef^kh�³m"a�_|g^k^�^n

(D+ − E)
]ek^]`_Vlzm"aX�|�id8l`_X�^g^le[|�Vg�a��e[VYba|f�a�} �~g�a|YVfhlef^k '

YVk~d8a����SRw�V� �

xn =

m−nX

j=1

∆njxj+n

WZ[V� �8a�]ef^[§_Vle[|g^lem�l©�SRUTv�Va��ik^]v�NkS�+¸|�Vlegh_{a£dLa|f^fh[V�e[��~g�a|YVfhlef^kh��le]`_V¸

H = {F ′ | E}T.

¾Zn
�^kh]`���S���ba{�ik^]v�NkS�+¸V�|legh_{acYc[V�Vg�a�_|f^[Vm �^[Vgb�~d8}�lv�^[����~��a�lemp���SRUT��b�`R
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 P �~lef^lzg�a|�^kh��]ekh]z_Vlzm�npo�q�r�s=t»k��ba{�ik^]ea§�NkS��¸V�VlegS_{a�}jf^le\
��� �����

n
�?�hk^]`�+[c�~g�a|YVfhlef^k^\ �

m
�?�^k^]`��[�f^lzkh�iY|le]z_|f^nZÁ �

n < m
R

�	�
� �����
(E, A, H)

R
�
� �elzf^leg^khgh�Vlzm ]`���~��a|\hf^n
m [V�Vg�a{�i[VmXm"a�_Vghk^�h�

D+ ∈ Z
n×n
+

�^�id8[VY���lz_VY|[Vgb� ' �=� 'O� �~R½Ti�b� �
��� �elzf^leg^khgh�Vlzm ]`���~��a|\hf^n
m [V�Vg�a{�i[VmXm"a�_Vghk^�h�

B ∈ Z
n×(m−n)
+ �

��� �elzf^leg^khgh�Vlzm ]`���~��a|\hf^n
m [V�Vg�a{�i[VmXm"a�_Vghk^�h�
∆ ∈ Zn×(m−n) �^�id8[VY��+l`_VYV[|g��(' �=�$'?� �~R½T��|� �

� � YVn
�^k^] ���^lzm¦m"a�_|g^k^�h�
F ∈ Z

(m−n)×n
+ �

���
E := (E | B) � A := (D+ | B + ∆) � H := {F | E}T � E ∈ Zn×n � l d8k^f^k^�hf�a��
m"a�_Vghk^��a��

q	a�[V]zf^[VYVl
YVnG¢©le]z}Sa{��a|f^fh[V�e[=�^[����~��a|lzmCa{���e[Vg^kS_Vmy� d��^���zlef^lzg�a|�^khk�]zk^]z_|lemCYVk�dLa§� �SRUT��V� R

WZ[V� �+a|]ef^[�_|le[Vg^lzm�n �SRw�6��a�d8a��^ayf^a{Áb[���d8lef^kS���ba��ikh]iay�NkS�+¸V�Vlzgh_{a0d���� ]zk^]z_|lem�n ���SR½T��V�
]eY|[id+kh_V] �Ê}��ia�dLa��^l f�a{Áb[���d8lefhkh�Ê�Va��ik^]ea �NkS��¸V�VlegS_{a d����)]ekh]z_Vlzm�n YVk~dLa)� �~RÀ�V� R�s£a|f^f^n
\
a{�+�z[Vg^kh_|m��^Y��^�^lz_|] �ya|f�a��+[V�e[|m��^g^lz[V�Vg�a{�i[VYba�f^kh���Sai�V]e]ea�Y�}�[Vfhle�^f^[|m��^g^l d8]z_{a|Y{�+lef^khkXm"a{_Vg^k^�
}�[�% ���	k^�^khlefh_|[VY YcYVk~d+l

A = (D+ | C)
R

� '�.W3�2:' �SR�� 	�¾QÁb[ed��
n = 3, m = 5

� a|�cT �

D+ =

0
BBB@

0 2 3

0 0 5

0 0 0

1
CCCA

� a|�=� �

B =

0
BBB@

1 0

0 1

0 0

1
CCCA

� a|�v� �

∆ =

0
BBB@

0 0

4 2

3 4

1
CCCA

� a|�	� �

F =

0

@ 47 19 3

52 20 4

1

A



�|�

� a|�=� �

E = (E | B) =

0
BBB@

1 0 0 1 0

0 1 0 0 1

0 0 1 0 0

1
CCCA A = (D+ | B + ∆) =

0
BBB@

0 2 3 1 0

0 0 5 4 3

0 0 0 3 4

1
CCCA

H = (F | E)T =

0
BBBBBBBB@

47 52

19 20

3 4

1 0

0 1

1
CCCCCCCCA
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x��V]`_V¸
n
k

m
�ia �	k^}�]ek^g^[|Yba|f^f^n ���^g^k^�^lzm

0 < n < m
R+s£a|fhf^n
\¤m�lz_|[id0]`_Vg^[VkS_�]ek^]`_Vlem«�

o�q�r�s=t���}�[|_V[Vg^a��?m�[���l`_#�|nG_V¸#�hg^le[V�|g�a��i[|Yba|f�a»]ª�h[Vm�[
�£¸ ' _|le[Vg^lzm�n �SRw�»}��~g�a|YVf^lzf^k '
YVk~d8a����SRw�V� �^_�R�l�R�]ek^]`_Vlem«�jYVk�dLa

Ex = Ax.
���SRUT�¥b�

·�a{_Vg^k^�S�
E
}�[�% ���	k^�^k^lzfh_V[|Y§�+lzYV[V\j��a|]z_|k�]`_Vg^[|k^m¦}~a|}

E =

0
BBBBBBBB@

e11 . . . e1(k1−1) 0
RzReReRzReRzReReRzReR`ReRzReReRzReRzReReRzReR`ReRzReReRzReRzReReR

0

0 . . . 0 e2k1
. . . e2(k2−1) 0

RzReReRzReRzReR`ReReRzReRzReReR
0

ReR`ReRzReReRzReRzReReRzRzRzReRzReReRzReRzReReR`ReRzReRzReReRzReRzReReR`ReRzReRzReReRzReRzReR`ReReRzReRzReReRzReRzReR`ReReRzReRzReReR

0
ReR`ReRzReReRzReRzReReRzRzRzReRzReReRzReRzReReRzRzRzReRzReReRzReRzReReR`R

0 enkn−1
. . . en(kn−1)

B

1
CCCCCCCCA

,

���SR½T�6V�
� d8l

B > O
� �hg^[Vkh�eYV[��+¸Vf^a��

n × (m − n − p)
" m"a�_|g^k^��a(�

{k1, k2, . . . , kn−1, kn = n + p + 1}
�^g^[|kh�iYV[{�+¸Vf�a��©�^[V] �+l d8[|Yba�_Vl �+¸Vf^[|]z_V¸	YV[��ig�a|]`_{a ' �©kSÁ��hk^]el � �

0 < k1 < k2 < · · · < kn = n+p+1
�

eij = 1
�
p > 0

�?�^g^[Vkh�eYV[��+¸|f�a���}�[Vf^]`_{a|fh_{ahR
·�a{_Vg^k^�S�

A
}�[�%&���vkh�^k^lefS_V[VY��^g�a|YV[|\j�^a|]z_|k�]z_|g^[Vk^m¨}Sa�}

A =

0
BBBBBB@

0 . . . 0 a1k1

RzReR`ReRzReReRzReRzReReRzR
a1(n+p)

0
ReRzReR`ReReRzReRzReReRzReR

0 a2k2
. . . a2(n+p)

ReRzReR`ReReRzReRzReReRzReRzReR`ReReRzReRzReReRzReRzRzRzReReRzReRzReReRzReRzR

0
ReRzReReR`ReRzReRzReReRzReRzReR`ReReRzReRzReReRzReRzRzR

0

C

1
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,
���SR½Ti�b�

� d8l
aij 6 0
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C = B + ∆
k�m"a�_|g^k^��a

∆ ∈ Z
n×(m−n−p)
+

��d+[VY��+l`_VYV[Vgb�hlz_¹] �+l d��$'��£lzm«�j�|]`�+[|YVk ' �

∀ i
�Sg^a|YVf^lzf^k^l m−n−pX

j=1

∆ijxj+n+p = 0
k^m�lzlz_§_V[��+¸|}~[§fh���+lzYV[Vlvg^lz¢©lef^k^l

.
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