ŁĆĂĎŘĂŠĹŮŊŻĚ ĆĂŘĹĂŰĹŐŊŊŻĚ ĞĂĎĂŮĹ

Ć. Ŋ. Ňăńőğñňőć

İâă áâăâìï ŋăŕĺáăŋă ŋă őáŋőćě âàñå ńěłæĺľ, łőâőàëě ăćâőà ŕàőçĺâăń ć ãŋĺćěàáĺâěâě Łăńăąàĺĺ (Ĺâăńĺï) ć ňăě 1999 č. ŕő ŕàĺčńăèěŋĺî ŕàőä. Ňăŋńĺő Čăãďĺőğő. Śâăâìï ŕàěďáâăćńïěâ áőąőľ ŋěáâăŋďăàâŋőě ććěďěŋĺě ć ćăàĺăæĺőŋŋőě ĺáçĺáńěŋĺě, ňăâěňăâĺçěáłĺ áâàőčőě ĺ áőčńăáőćăŋŋőě ć ĺďěľŋőň ŕńăŋě á âěőàĺěľ łőŋěçŋőňěàŋëå íłáâàěňăńìŋëå ğăďăç.

1. Ŕőáâăŋőćłă ğăďăçĺ. Łàĺâěàĺľ őŕâĺňăńìŋőáâĺ

Őąőğŋăçĺň çěàěğ C[a, b] ĺ C^1[a, b] ńĺŋěľŋëě ŕàőáâàăŋáâćă ŋěŕàěàëćŋëå ĺ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňëå ŋă őâàěğłě [a, b] äãŋłæĺľ áőőâćěâáâćěŋŋő. Ğăäĺłáĺàãěň äãŋłæĺĺ p , q , f ĺğ C[a, b] ĺ őŕàěďěńĺň ŋă C^1[a, b] ĺŋâěčàăńìŋëľ łćăďàăâĺçŋëľ äãŋłæĺőŋăń ć łăŋőŋĺçěáłőľ äőàňě: Q(x) = b∫ a { p(t) [ x^′(t) ]_2 + q(t) [ x(t) ]_2 − 2f(t)x(t) } dt. Ŋăá ĺŋâěàěáãěâ łćăďàăâĺçŋăï ćăàĺăæĺőŋŋăï ğăďăçă áńěďãîéěčő ćĺďă: Q(x) −→ min, x(a) = A, x(b) = B, x ∈ C^1[a, b]. (1.1)

Ťãŋłæĺî x , ãďőćńěâćőàïîéãî őčàăŋĺçěŋĺïň ğăďăçĺ (1.1), ŋăğőćěň ěñ ŕńăŋőň. Ňŋőęěáâćő ŕńăŋőć őąőğŋăçĺň çěàěğ ˙ . Řěèěŋĺě x_∗ ğăďăçĺ (1.1) åăàăłâěàĺğãěâáï âěň, çâő x_∗ ∈ ˙ ĺ Q(x) ≥ Q(x_∗) ďńï ćáěå x ∈ ˙ . Řěèěŋĺě ąãďěň ŋăğëćăâì âăłęě őŕâĺňăńìŋëň ŕńăŋőň.

Ććěďñň ňŋőęěáâćő ďőŕãáâĺňëå ćăàĺăæĺľ

C^1_0 [a, b] = { h ∈ C^1[a, b] | | h(a) = h(b) = 0 } . Őçěćĺďŋő, çâő ĺğ ãáńőćĺľ x ∈ ˙ , h ∈ C^1_0 [a, b] áńěďãěâ, çâő x + αh ∈˙ ŕàĺ ćáěå ćěéěáâćěŋŋëå α .

Ğăŕĺèěň àăğńőęěŋĺě

Q(x + αh) = b∫ a { p(x^′ + αh^′)^2 + q(x + αh)^2 − 2f(x + αh) } dt = = Q(x) + 2α b∫ a { px^′h^′ + (qx − f)h } dt + α^2 b∫ a { p(h^′)^2 + qh^2 } dt. Őąőğŋăçĺň l(x; h) = b∫ a { px^′h^′ + (qx − f)h } dt,

D(h) = b∫ a { p(h^′)^2 + qh^2 } dt. Šőčďă

Q(x + αh) = Q(x) + 2α l(x; h) + α^2D(h). (1.2)

Ńěňňă 1.1 Ěáńĺ áãéěáâćãěâ ďőŕãáâĺňăï ćăàĺăæĺï h_0 , ďńï łőâőàőľ D(h_0) < 0 , âő

inf_{x∈Ω} Q(x) = −∞. (1.3)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ćőğìňěň ŕàőĺğćőńìŋëľ ŕńăŋ x_0 . Śőčńăáŋő (1.2) ćëàăęěŋĺě Q(x_0 + αh_0) ŕàěďáâăćńïěâ áőąőľ łćăďàăâĺçŋëľ âàñåçńěŋ őâŋőáĺâěńìŋő α á őâàĺæăâěńìŋëň áâăàèĺň łőíääĺæĺěŋâőň. Ŕőŋïâŋő, çâő Q(x_0 +αh_0) → −∞ ŕàĺ α → ∞ , őâłãďă ĺ áńěďãěâ (1.3)

Šăłĺň őąàăğőň, ğăďăçă (1.1) áőďěàęăâěńìŋă âőńìłő ŕàĺ ãáńőćĺĺ

D(h) ≥ 0 ∀h ∈ C^1_0 [a, b]. (1.4)

Ć ďăńìŋěľèěň íâő ãáńőćĺě ąãďěň áçĺâăâì ćëŕőńŋěŋŋëň.

Šěőàěňă 1.1 Ďńï âőčő çâőąë ŕńăŋ x_∗ ğăďăçĺ (1.1) ąëń őŕâĺňăńìŋëň, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë

l(x_∗; h) = 0 ∀h ∈ C^1_0 [a, b]. (1.5)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŋěőąåőďĺňőáâì. Ćőğìňñň ďőŕãáâĺňãî ćăàĺăæĺî h . Ŕőáłőńìłã x_∗ | âőçłă ňĺŋĺňãňă Q(x) ŋă ˙ , âő

0 ≤ Q(x_∗ + αh) − Q(x_∗) = 2α l(x_∗; h) + α^2D(h).

Ŕőďěńĺň íâő ŋěàăćěŋáâćő ŋă α > 0 ĺ ŕěàěľďñň ł ŕàěďěńã ŕàĺ α → +0 . Ŕőńãçĺň l(x_∗; h) ≥ 0 . Őâňěâĺň, çâő ćňěáâě á h ďőŕãáâĺňőľ ćăàĺăæĺěľ ïćńïěâáï ĺ −h . Ŕő ďőłăğăŋŋőňã l(x_∗; −h) ≥ 0 , ĺńĺ −l(x_∗; h) ≥ 0 . Őąêěďĺŋïï ďćă ŋěàăćěŋáâćă l(x_∗; h) ≥ 0 ĺ −l(x_∗; h) ≥ 0 , ŕàĺåőďĺň ł àăćěŋáâćã (1.5).

Ďőáâăâőçŋőáâì. Ćőğìňñň ńîąőľ ŕńăŋ x ĺ ŕőńőęĺň h = x − x_∗ . Őçěćĺďŋő, çâő h ∈ C^1_0 [a, b] . Śőčńăáŋő (1.2), (1.5) ĺ (1.4) ĺňěěň

Q(x) = Q(x_∗ + h) = Q(x_∗) + D(h) ≥ Q(x_∗).

Šěőàěňă ďőłăğăŋă.

Šěŕěàì ć łàĺâěàĺĺ őŕâĺňăńìŋőáâĺ (1.5) ŋãęŋő ĺğąăćĺâìáï őâ h (ŕěàěäőàňãńĺàőćăâì ěčő ć âěàňĺŋăå äãŋłæĺľ p , q ĺ f ). Ďńï íâőčő ŕőâàěąãěâáï ŋěłőâőàăï ŕőďčőâőćłă.

Ńěňňă 1.2 Ŕãáâì u ∈ C[a, b] . Ěáńĺ b∫ a u(t)h^′(t) dt = 0 ∀h ∈ C^1_0 [a, b], âő u(t) ≡ const ŋă [a, b] .

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŕőńőęĺň c = (b − a)^{−1} ∫_b a u(t) dt . Šőčďă ∫_b a [u(t) − c ] dt = 0 ĺ b∫ a [ u(t) − c ]_2 dt = b∫ a [ u(t) − c ] u(t) dt.

Ťãŋłæĺï h_0(t) = ∫_t a [u(τ) − c ] dτ ŕàĺŋăďńěęĺâ C^1_0 [a, b] . Ś ěñ ŕőňőéìî ŕőáńěďŋěě àăćěŋáâćő ňőęŋő ŕěàěŕĺáăâì ć ćĺďě b∫ a [ u(t) − c ]_2 dt = b∫ a u(t)h^′_0(t) dt.

Ŕő ãáńőćĺî ∫_b a u(t)h^′_0(t) dt = 0 . Ğŋăçĺâ ∫_b a [u(t) − c ]^2dt = 0 . Őâáîďă ĺ áńěďãěâ, çâő u(t) ≡ c ŋă [a, b]

Őáŋőćŋăï ńěňňă ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï Ŕãáâì äãŋłæĺĺ

u, v ŕàĺŋăďńěęăâ C[a, b] . Ěáńĺ b∫ a [ u(t)h^′(t) + v(t)h(t) ] dt = 0 ∀h ∈ C^1_0 [a, b], (1.6)

âő u ∈ C^1[a, b] ĺ u^′(t) ≡ v(t) ŋă [a, b] .

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŕőńőęĺň g(t) = ∫_t a v(τ) dτ . Ŕàĺ h ∈ C^1_0 [a, b] ĺňěěň b∫ a v(t)h(t) dt = b∫ a g^′(t)h(t) dt = − b∫ a g(t)h^′(t) dt. Şáńőćĺě (1.6) ŕàĺŋĺňăěâ ćĺď b∫ a [ u(t) − g(t) ] h^′(t) dt = 0 ∀h ∈ C^1_0 [a, b]. Ŕő ńěňňě 1.2 u(t)−g(t) ≡ const ŋă [a, b] . Őâáîďă áńěďãěâ ĺ ŋěŕàěàëćŋăï ďĺääěàěŋæĺàãěňőáâì äãŋłæĺĺ u(t) ĺ âőęďěáâćő u^′(t) ≡ v(t) ŋă [a, b]

Ćěàŋñňáï ł łàĺâěàĺî őŕâĺňăńìŋőáâĺ (1.5) ĺ ŕěàěŕĺèěň ěčő ć àăğćñàŋãâőň ćĺďě: b∫ a { px^′_∗h^′ + (qx_∗ − f)h } dt = 0 ∀h ∈ C^1_0 [a, b]. (1.7)

Šěőàěňă 1.2 Ďńï âőčő çâőąë ŕńăŋ x_∗ ğăďăçĺ (1.1) ąëń őŕâĺňăńìŋëň, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë px^′_∗ ∈ C^1[a, b] ĺ

−(px^′_∗)^′ + qx_∗ = f ŋă [a, b]. (1.8)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŋěőąåőďĺňőáâì. Ŕőáłőńìłã x_∗ | őŕâĺňăńìŋëľ ŕńăŋ, âő ćëŕőńŋïěâáï ãáńőćĺě (1.7). Őáâăñâáï áőáńăâìáï ŋă őáŋőćŋãî ńěňňã ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï á u = px^′_∗ ĺ v = qx_∗ −f .

Ďőáâăâőçŋőáâì. Ŕőłăęěň, çâő ćëŕőńŋïěâáï ãáńőćĺě (1.7). Ŕàĺ

h ∈ C^1_0 [a, b] ĺňěěň b∫ a (px^′_∗)h^′ dt = − b∫ a (px^′_∗)^′h dt. Şçĺâëćăï íâő, ŕőńãçăěň

l(x_∗; h) = b∫ a [ −(px^′_∗)^′ + qx_∗ − f ] h dt. Ć áĺńã (1.8) ŕőáńěďŋĺľ ĺŋâěčàăń àăćěŋ ŋãńî. Šěőàěňă ďőłăğăŋă.

Şáâăŋőćńěŋő, çâő àěèěŋĺě ğăďăçĺ (1.1) áćőďĺâáï ł àěèěŋĺî łàăěćőľ ğăďăçĺ L(x; t) := − d dt ( p dx dt ) + qx = f, x(a) = A, x(b) = B. (1.9)

Ďĺääěàěŋæĺăńìŋëľ őŕěàăâőà L(x; t) ŋăğëćăěâáï őŕěàăâőàőň Ÿâãàňă|Ńĺãćĺńńï.

Ŋăŕőňŋĺň, çâő âěőàěňă 1.2 áŕàăćěďńĺćă ŕàĺ ćëŕőńŋěŋĺĺ ãáńőćĺï (1.4), łőâőàőě ć àăğćñàŋãâőň ćĺďě ćëčńïďĺâ âăł: b∫ a { p(h^′)^2 + qh^2 } dt ≥ 0 ∀h ∈ C^1_0 [a, b]. (1.10)

Ĺğąăćĺâìáï ć íâőň ãáńőćĺĺ őâ h (ŕěàěäőàňãńĺàőćăâì ěčő ć âěàňĺŋăå p ĺ q ) | ŋěŕàőáâăï ğăďăçă, àěèěŋĺî łőâőàőľ ŕőáćïéñŋ áńěďãîéĺľ àăğďěń. Ŕőłă ęě őâňěâĺň, çâő ŋěàăćěŋáâćő (1.10) őçěćĺďŋő ćëŕőńŋïěâáï, ěáńĺ äãŋłæĺĺ p(t) ĺ q(t) ŋěőâàĺæăâěńìŋë ŋă [a, b] .

Ňěŋěě âàĺćĺăńìŋëň ïćńïěâáï áńěďãîéěě ãâćěàęďěŋĺě. Šěőàěňă 1.3 Ěáńĺ D(h) ≥ 0 ŋă C^1_0 [a, b] , âő ŋěőąåőďĺňő

p(t) ≥ 0 ŋă [a, b]. (1.11)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ďőŕãáâĺň ŕàőâĺćŋőě. Šőčďă ŋăľďñâáï âőçłă t_0 ∈ (a, b) , ć łőâőàőľ p(t_0) < 0 . Ŕőńőęĺň ε_0 = −p(t_0)/2 ĺ ćëąěàěň δ_0 > 0 âăł, çâőąë [t_0 − δ_0, t_0 + δ_0] ⊂ (a, b) ĺ |p(t) − p(t_0)| ≤ ε_0 ŕàĺ t ∈ [t_0 − δ_0, t_0 + δ_0] . Ć íâőň áńãçăě p(t) ≤ p(t_0) + ε_0 = −ε_0 , â. ě.

p(t) ≤ −ε_0 ŋă [t_0 − δ_0, t_0 + δ_0]. (1.12)

Ŕàĺ δ ∈ (0, δ_0] ććěďñň ćăàĺăæĺî

h_δ(t) = {√ δ/π [ 1 + cos ( (π/δ)(t − t_0) )] , ěáńĺ t ∈ [t_0 − δ, t_0 + δ], 0 ŕàĺ őáâăńìŋëå t ∈ [a, b].

Ŕőáłőńìłã h^′_δ(t) = − √ π/δ sin ( (π/δ)(t − t_0) ) ŕàĺ t ∈ (t_0 − δ, t_0 + δ) , âő h_δ ∈ C^1_0 [a, b] . Łàőňě âőčő,

0 ≤ h_δ(t) ≤ 2 √ δ/π ŋă [a, b]. (1.13) Śőčńăáŋő (1.12) ĺ (1.13) ĺňěěň

D(h_δ) = t0+δ∫

t0−δ { p(h^′_δ)^2 + qh^2_δ } dt ≤ −ε_0 π δ t0+δ∫

t0−δ sin^2 ( (π/δ)(t − t_0) ) dt + + 4δ π b∫ a |q(t)| dt = −ε_0 π∫ −π sin^2(τ) dτ + 4δ π b∫ a |q(t)| dt. Őçěćĺďŋő, çâő D(h_δ) < 0 ŕàĺ ňăńëå δ > 0 . Ŋő íâő ŕàőâĺćőàěçĺâ ŕàěďŕőńőęěŋĺî ő ŋěőâàĺæăâěńìŋőáâĺ D(h) ŋă C^1_0 [a, b] . Šěőàěňă ďőłăğăŋă.

Şáńőćĺě (1.11) ŋăğëćăěâáï ãáńőćĺěň Ńěęăŋďàă. Őŋő ŋěőąåőďĺňő ďńï ŋěőâàĺæăâěńìŋőáâĺ D(h) ŋă C^1_0 [a, b] , ŋő ŋě ďőáâăâőçŋő. Ąőńěě âőčő, ďăęě ãáĺńěŋŋőě ãáńőćĺě Ńěęăŋďàă p(t) > 0 ŋă [a, b] ŋě čăàăŋâĺàãěâ ŋěőâàĺæăâěńìŋőáâĺ D(h) ŋă C^1_0 [a, b] .

Ŕàĺňěà Ćőğìňěň

D_λ(h) = π∫ 0 { (h^′)^2 − λh^2 } dt, h ∈ C^1_0 [0, π]. Ğďěáì p(t) ≡ 1 | ãáĺńěŋŋőě ãáńőćĺě Ńěęăŋďàă ćëŕőńŋěŋő. Ćňěáâě á âěň, ŋă h_0(t) = sin(t) ĺğ C^1_0 [0, π] ĺňěěň

D_λ(h_0) = π∫ 0 { cos^2(t) − λ sin^2(t) } dt = π 2 (1 − λ), âăł çâő ŕàĺ λ > 1 ĺŋâěčàăńìŋăï łćăďàăâĺçŋăï äőàňă D_λ(h) ŋě ïćńïěâáï ŋěőâàĺæăâěńìŋőľ ŋă C^1_0 [0, π] .

2. Łàĺâěàĺľ ŋěőâàĺæăâěńìŋőáâĺ ĺŋâěčàăńìŋőľ łćăďàăâĺçŋőľ äőàňë

Řăááňőâàĺň ĺŋâěčàăńìŋãî łćăďàăâĺçŋãî äőàňã D(h) = b∫ a { p(h^′)^2 + qh^2 } dt, h ∈ C^1_0 [a, b], ŕàĺ áńěďãîéĺå ŕàěďŕőńőęěŋĺïå q ∈ C[a, b], p ∈ C^1[a, b], p(t) > 0 ŋă [a, b]. (2.1) Őąëçŋő äãŋłæĺĺ p ĺ q őŕàěďěńěŋë ŋă ąőńěě èĺàőłőň ĺŋâěàćăńě (a_0, b_0) , áőďěàęăéěň [a, b] , ĺ ãáńőćĺï (2.1) ćëŕőńŋïîâáï ŋă (a_0, b_0) . Ĺňěŋŋő íâő ňë ć ďăńìŋěľèěň ĺ ąãďěň ŕàěďŕőńăčăâì. Ŋăá ĺŋâěàěáãěâ łàĺâěàĺľ ŋěőâàĺæăâěńìŋőáâĺ D(h) ŋă C^1_0 [a, b] .

Řăááňőâàĺň ŋă (a_0, b_0) ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě

(ph^′)^′ = qh. (2.2)

Şçĺâëćăï (2.1), ŕěàěŕĺèěň ěčő ć ćĺďě ph^{′′} + p^′h^′ − qh = 0 , ĺńĺ, çâő àăćŋőáĺńìŋő, h^{′′} + p^′ p h^′ − q p h = 0. (2.3)

Şàăćŋěŋĺě (2.3) ŋăğëćăěâáï ãàăćŋěŋĺěň §łőąĺ. İâő őďŋőàőďŋőě ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě ćâőàőčő ŕőàïďłă, àăğàěèñŋŋőě őâŋőáĺâěńìŋő áâăàèěľ ŕàőĺğćőďŋőľ, á ŋěŕàěàëćŋëňĺ ŋă (a_0, b_0) łőíääĺæĺěŋâăňĺ. Ĺğ âěőàĺĺ őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ĺğćěáâŋő, çâő âăłőě ãàăćŋěŋĺě ĺňěěâ ěďĺŋáâćěŋŋőě ŋă (a_0, b_0) àěèěŋĺě ŕàĺ ńîąëå ŋăçăńìŋëå ãáńőćĺïå ćĺďă h(c) = A , h^′(c) = A^′ , čďě c ∈ (a_0, b_0) . Ŋăğőćñň čńăćŋëň àěèěŋĺěň ãàăćŋěŋĺï

§łőąĺ âő àěèěŋĺě h_0(t) , ã łőâőàőčő

h_0(a) = 0, h^′_0(a) = 1. (2.4)

Šěőàěňă §łőąĺ Ŕãáâì ćëŕőńŋěŋë ãáńőćĺï (2.1). Ďńï âőčő çâőąë łćăďàăâĺçŋăï äőàňă D(h) ąëńă ŋěőâàĺæăâěńìŋőľ ŋă C^1_0 [a, b] , ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ

h_0(t) ąëńő ŕőńőęĺâěńìŋëň ŋă (a, b) .

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ďőáâăâőçŋőáâì. Ďőŕãáâĺň, çâő h_0(t) > 0 ŋă (a, b) . Ŕőłăęěň, çâő D(h) = b∫ a p ( h^′ − h h_0 h^′_0

)_2

dt ∀h ∈ C^1_0 [a, b]. (2.5)

Őâňěâĺň ŕàěęďě ćáěčő, çâő äãŋłæĺï h/h_0 ŋěŕàěàëćŋă ŋă [a, b] . Ďěľáâćĺâěńìŋő, ŕő ŕàăćĺńã Ńőŕĺâăńï ďńï h ∈ C^1_0 [a, b] ĺňěěň

lim_{t→a+0} h(t) h_0(t)

= lim_{t→a+0} h^′(t) h^′_0(t) = h^′(a). Ďăńěě, ŕàěďěń ďàőąĺ h(t)/h_0(t) ŕàĺ t → b−0 àăćěŋ ŋãńî, ěáńĺ h_0(b) > 0 . Ěáńĺ ęě h_0(b) = 0 , âő h^′_0(b) ≠ 0 [ĺŋăçě h_0(t) ≡ 0 ć áĺńã ěďĺŋáâćěŋŋőáâĺ àěèěŋĺï ãàăćŋěŋĺï §łőąĺ á ŋăçăńìŋëňĺ ãáńőćĺïňĺ h_0(b) = 0 , h^′_0(b) = 0 , çâő ŕàőâĺćőàěçĺâ (2.4)]. Ć íâőň áńãçăě lim_{t→b−0} h(t) h_0(t) = lim_{t→b−0} h^′(t) h^′_0(t) = h^′(b) h^′_0(b) . Şáâăŋőćńěŋő, çâő h/h_0 ∈ C[a, b] . Ğŋăçĺâ, ŕőď ĺŋâěčàăńőň ć ŕàăćőľ çăáâĺ (2.5) áâőĺâ ŋěŕàěàëćŋăï äãŋłæĺï.

Ŕàőćěàĺň áŕàăćěďńĺćőáâì àăćěŋáâćă (2.5). Ŕàĺ ňăńëå ε > 0 ĺňěěň b−ε∫ a+ε p ( h^′ − h h_0 h^′_0

)_2 dt = b−ε∫ a+ε p(h^′)^2dt − 2 b−ε∫ a+ε ph^′_0 h_0 hh^′ dt + b−ε∫ a+ε p (h′_0 h_0

)_2 h^2dt. (2.6) Ŋő − 2 b−ε∫ a+ε ph^′_0 h_0 hh^′ dt = − b−ε∫ a+ε ph^′_0 h_0 dh^2 = − ph^′_0 h_0 h^2 | | |^{b−ε}_{a+ε} + b−ε∫ a+ε (ph′_0 h_0 )′ h^2dt =

= −p h h_0 h^′_0h | |^{b−ε} a+ε + b−ε∫ a+ε (ph^′_0)^′ h_0 h^2dt − b−ε∫ a+ε p (h′_0 h_0

)_2 h^2dt. Ŕőáłőńìłã h_0 ãďőćńěâćőàïěâ ãàăćŋěŋĺî (2.2), âő b−ε∫ a+ε (ph^′_0)^′ h_0 h^2dt = b−ε∫ a+ε qh^2dt.

Ğŋăçĺâ, −2 b−ε∫ a+ε ph^′_0 h_0 hh^′ dt = b−ε∫ a+ε qh^2dt − b−ε∫ a+ε p (h′_0 h_0

)_2 h^2dt − p h h_0 h^′_0h | | |^{b−ε}_{a+ε}. Ŕőďáâăćńïï íâő ć (2.6), ŕőńãçăěň b−ε∫ a+ε p ( h^′ − h h_0 h^′_0

)_2 dt = b−ε∫ a+ε { p(h^′)^2 + qh^2 } dt − p h h_0 h^′_0h | | |^{b−ε}_{a+ε}. Ć ďăŋŋőň àăćěŋáâćě ŕěàěľďñň ł ŕàěďěńã ŕàĺ ε → +0 . Ťãŋłæĺï p ( h/h_0 ) h^′_0 ŋěŕàěàëćŋă ŋă [a, b] ĺ h ∈ C^1_0 [a, b] , âăł çâő ďćőľŋăï ŕőďáâăŋőćłă áâàěňĺâáï ł ŋãńî ŕàĺ ε → +0 . Šěŕěàì ïáŋő, çâő ŕàěďěńìŋëľ ŕěàěåőď ŕàĺćőďĺâ ł äőàňãńě (2.5), ĺğ łőâőàőľ, ć çăáâŋőáâĺ, áńěďãěâ, çâő D(h) ≥ 0 ŕàĺ ćáěå h ∈ C^1_0 [a, b] . Ďőáâăâőçŋőáâì ãáâăŋőćńěŋă.

Ďńï ďőłăğăâěńìáâćă ŋěőąåőďĺňőáâĺ ŕőâàěąãěâáï ŋěłőâőàăï ŕőďčőâőćłă.

Ńěňňă ő áłàãčńěŋĺĺ ãčńőć Ŕãáâì D(h) ≥ 0 ŋă C^1_0 [a, b] . Ěáńĺ äãŋłæĺï ^h ãďőćńěâćőàïěâ ãáńőćĺïň ^h ∈ C[a, b], ^h(a) = ^h(b) = 0; ^h ∈ C^1[a, ξ], ^h ∈ C^1[ξ, b] ŕàĺ ŋěłőâőàőň ξ ∈ (a, b),

âő D(^h) ≥ 0 .

Ţăàăłâěàŋëľ ćĺď äãŋłæĺĺ ^h ĺğőąàăęñŋ ŋă àĺáãŋłě.

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ććěďñň ćáŕőňőčăâěńìŋãî äãŋłæĺî g(t) = (1 − |t| 2 )_2

ŕàĺ t ∈ [−1, 1],

0 ŕàĺ őáâăńìŋëå t ∈ R.

Ŋă ĺŋâěàćăńě (0, 1) ĺňěěň

g^′(t) = d dt (1 − t 2 )_2 = − 1 2 (1 − t). Şçĺâëćăï çñâŋőáâì g , ğăŕĺèěň

g^′(+0) = − 1 2 , g^′(−0) = 1 2 , |g^′(t)| ≤ 1 2 ŕàĺ t ≠ 0. (2.7)

Ł íâőňã ŋãęŋő ďőąăćĺâì, çâő 0 ≤ g(t) ≤ 1/4 ŋă R.

Ŕőńőęĺň ŕàĺ δ > 0 g_δ(t) = δ g ( t δ ) . Őçěćĺďŋő, çâő g_δ(t) = 0 ćŋě [−δ, δ] . Łàőňě âőčő,

0 ≤ g_δ(t) ≤ δ/4 ŋă R. (2.8)

Ŕőáłőńìłã g^′_δ(t) = g^′(t/δ) , âő áőčńăáŋő (2.7) ŕàĺ ćáěå δ > 0

g^′_δ(+0) = − 1 2 , g^′_δ(−0) = 1 2 , |g^′_δ(t)| ≤ 1 2 ŕàĺ t ≠ 0. (2.9)

Ććěďñň őąőğŋăçěŋĺě α_1 = ^h^′(ξ+0) − ^h^′(ξ−0) ĺ ŕàĺ ňăńëå δ > 0 àăááňőâàĺň äãŋłæĺî

h_δ(t) = ^h(t) + α_1g_δ(t − ξ).

Ŕőłăęěň, çâő h_δ ∈ C^1_0 [a, b] . Śőňŋěŋĺě ćëğëćăěâ âőńìłő ďĺääěàěŋæĺàãěňőáâì h_δ(t) ŕàĺ t = ξ . Ĺňěěň áőčńăáŋő (2.9)

h^′_δ(ξ+0) = ^h^′(ξ+0) − 1 2 α_1, h^′_δ(ξ−0) = ^h^′(ξ−0) + 1 2 α_1.

Şçĺâëćăï őŕàěďěńěŋĺě α_1 , ŕőńãçăěň h^′_δ(ξ+0) − h^′_δ(ξ−0) = 0 , â. ě. h^′_δ(ξ+0) = h^′_δ(ξ−0) . Şáâăŋőćńěŋő, çâő h_δ ∈ C^1_0 [a, b] ŕàĺ ňăńëå δ > 0 .

Śőčńăáŋő ãáńőćĺî ńěňňë D(h_δ) ≥ 0 . Řăáŕĺèěň íâő ŋěàăćěŋáâćő ŕőďàőąŋő:

0 ≤ D (^ h+α_1g_δ(·−ξ) ) = b∫ a { p (^ h^′ +α_1g^′_δ(·−ξ)

)_2 +q (^ h+α_1g_δ(·−ξ) )_2} dt = = D (^ h ) + α_1 b∫ a q [ 2^hg_δ(· − ξ) + α_1g^2_δ (· − ξ) ] dt + + α_1 ξ+δ∫ ξ−δ p [ 2^h^′g^′_δ(· − ξ) + α_1 ( g^′_δ(· − ξ) )_2] dt =: D (^ h ) + α_1I^{(0)}_δ + α_1I^{(1)}_δ .

(2.10)

Őæěŋĺň ĺŋâěčàăńë I^{(0)}_δ ĺ I^{(1)}_δ . Ŋă őáŋőćăŋĺĺ (2.8) ĺ (2.9) ĺňěěň | |I^{(0)}_δ | | ≤ δ 2 b∫ a |q| ( |^h| + |α_1|δ/8 ) dt, | |I^{(1)}_δ | | ≤ (^ξ∫ ξ−δ + ξ+δ∫ ξ ) p ( |^h^′| + |α_1|/4 ) dt.

Őçěćĺďŋő, çâő I^{(0)}_δ → 0 ĺ I^{(1)}_δ → 0 ŕàĺ δ → +0 . Ŕěàěåőďï ć (2.10) ł

ŕàěďěńã ŕàĺ δ → +0 , ŕőńãçăěň D(^h) ≥ 0 . Ńěňňă ďőłăğăŋă.

Ďőłăğăâěńìáâćő ŋěőąåőďĺňőáâĺ ć âěőàěňě §łőąĺ. Ŕãáâì D(h) ≥ 0 ŋă C^1_0 [a, b] . Ŕőłăęěň, çâő čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ h_0(t) ŕőńőęĺâěńìŋő ŋă (a, b) .

Ďőŕãáâĺň, ćőŕàěłĺ ãâćěàęďěŋĺî, çâő áãéěáâćãěâ âőçłă ξ ∈ (a, b) , ć łőâőàőľ h_0(ξ) = 0 . Šőčďă ξ∫ a { p(h^′_0)^2 + qh^2_0 } dt = 0. (2.11)

Ďěľáâćĺâěńìŋő, áőčńăáŋő (2.2) ξ∫ a p(h^′_0)^2dt = ξ∫ a (ph^′_0)dh_0 = − ξ∫ a (ph^′_0)^′h_0 dt = − ξ∫ a qh^2_0 dt, őâłãďă ĺ áńěďãěâ (2.11). Őâňěâĺň, çâő h^′_0(ξ) ≠ 0 .

Ććěďñň äãŋłæĺî

^h_0(t) = { h_0(t) ŕàĺ t ∈ [a, ξ], 0 ŕàĺ t ∈ [ξ, b]. Ć áĺńã (2.11)

D(^h_0) = ξ∫ a { p(h^′_0)^2 + qh^2_0 } dt = 0. (2.12)

Ćőğìňñň h ∈ C^1_0 [a, b] ĺ ğăŕĺèěň àăğńőęěŋĺě

D(^h_0 + αh) = D(^h_0) + α^2D(h) + 2α ξ∫ a [ ph^′_0h^′ + qh_0h ] dt. Ĺňěěň_ξ ∫ a ph^′_0h^′ dt = ξ∫ a (ph^′_0) dh = ph^′_0h | | |^ξ_a − ξ∫ a qh_0h dt. Şçĺâëćăï (2.12), ŕőńãçăěň

D(^h_0 + αh) = α^2D(h) + 2α p(ξ)h^′_0(ξ)h(ξ).

Ćëąěàěň ďőŕãáâĺňãî ćăàĺăæĺî h âăł, çâőąë ćëŕőńŋïńőáì ŋěàăćěŋáâćő

λ := 2p(ξ)h^′_0(ξ)h(ξ) < 0.

Šőčďă

D(^h_0 + αh) = α [ λ + αD(h) ] . (2.13)

Ŕàĺ ňăńëå α > 0 ŕàăćăï çăáâì (2.13) őâàĺæăâěńìŋă. Ćňěáâě á âěň, D(^h_0 + αh) ≥ 0 , ŕőáłőńìłã äãŋłæĺï ^h_0 + αh ãďőćńěâćőàïěâ ãáńőćĺïň ńěňňë ő áłàãčńěŋĺĺ ãčńőć. Ŕőńãçěŋŋőě ŕàőâĺćőàěçĺě ğăćěàèăěâ ďőłăğăâěńìáâćő âěőàěňë §łőąĺ.

3. Łàĺâěàĺľ ŕőńőęĺâěńìŋőáâĺ ĺŋâěčàăńìŋőľ łćăďàăâĺçŋőľ äőàňë

Łćăďàăâĺçŋăï äőàňă D(h) ŋăğëćăěâáï ŕőńőęĺâěńìŋőľ ěáńĺ D(h) > 0 ŋă ćáěå ďőŕãáâĺňëå ćăàĺăæĺïå h ∈ C^1_0 [a, b] , ŋě àăćŋëå âőęďěáâćěŋŋő ŋãńî ŋă [a, b] .

Šěőàěňă 3.1 Ŕãáâì ćëŕőńŋěŋë ãáńőćĺï (2.1). Ďńï âőčő çâőąë łćăďàăâĺçŋăï äőàňă D(h) ąëńă ŕőńőęĺâěńìŋőľ ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ h_0(t) ąëńő ŕőńőęĺâěńìŋëň ŋă (a, b] .

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŋěőąåőďĺňőáâì. Őçěćĺďŋő, çâő ŕőńőęĺâěńìŋăï łćăďàăâĺçŋăï äőàňă D(h) ïćńïěâáï ĺ ŋěőâàĺæăâěńìŋőľ. Ŕő âěőàěňě §łőąĺ h_0(t) > 0 ŋă (a, b) . Őáâăěâáï ŕàőćěàĺâì, çâő h_0(b) > 0 . Ďőŕãáâĺň ŕàőâĺćŋőě: h_0(b) = 0 . Šőčďă h_0 ∈ C^1_0 [a, b] . Ąőńěě âőčő, D(h_0) = 0 . İâő ďőłăğëćăěâáï âăł ęě, łăł (2.11) (ŕàĺ ξ = b ). Ŕőńãçĺńĺ ŕàőâĺćőàěçĺě á ŕőńőęĺâěńìŋőáâìî łćăďàăâĺçŋőľ äőàňë D(h) , ŕőáłőńìłã čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ h_0(t) ŋě àăćŋő âőęďěáâćěŋŋő ŋãńî ŋă [a, b] .

Ďőłăğăâěńìáâćã ďőáâăâőçŋőáâĺ ŕàěďŕőèńñň őďŋő ćáŕőňőčăâěńìŋőě ãâćěàęďěŋĺě, őâŋőáïéěěáï ł ŋěőâàĺæăâěńìŋëň łćăďàăâĺçŋëň äőàňăň.

Ńěňňă 3.1 Ďőŕãáâĺň, çâő D(h) ≥ 0 ŋă C^1_0 [a, b] . Ěáńĺ ćăàĺăæĺï

h_∗ âăłőćă, çâő D(h_∗) = 0 , âő h_∗(t) = λh_0(t) ŋă [a, b] ŕàĺ ŋěłőâőàőň

ćěéěáâćěŋŋőň λ .

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŕő âěőàěňě §łőąĺ h_0(t) > 0 ŋă (a, b) . Şçĺâëćăï (2.5), ğăŕĺèěň

D(h_∗) = b∫ a p ( h^′_∗ − h_∗ h_0 h^′_0

)_2 dt. Ŕő ãáńőćĺî ńěňňë D(h_∗) = 0 . Őâáîďă áńěďãěâ ć áĺńã ŕőńőęĺâěńìŋőáâĺ p(t) , çâő h^′_∗ − h_∗ h_0 h^′_0 = 0 ŋă (a, b).

Ŕěàěŕĺèěň ďăŋŋőě âőęďěáâćő ć íłćĺćăńěŋâŋőň ćĺďě:

h^′_∗h_0 − h_∗h^′_0 h^2_0

= 0 ŋă (a, b).

İâő őğŋăçăěâ, çâő ( h_∗/h_0 )_′ = 0 ŋă (a, b) . Šěŕěàì őçěćĺďŋő, çâő h_∗/h_0 ≡ const =: λ , ĺńĺ h_∗(t) = λh_0(t) ŋă (a, b) . Ŕő ŋěŕàěàëćŋőáâĺ ŕőáńěďŋěě âőęďěáâćő ćëŕőńŋïěâáï ŋă ćáñň őâàěğłě [a, b]

Ďőáâăâőçŋőáâì. Ŕőáłőńìłã h_0(t) > 0 ŋă (a, b) , âő ŕő âěőàěňě §łőąĺ D(h) ≥ 0 ŋă C^1_0 [a, b] . Ďőŕãáâĺň, çâő D(h_∗) = 0 ŋă ŋěłőâőàőľ ćăàĺăæĺĺ h_∗ ∈ C^1_0 [a, b] , ŋě àăćŋőľ âőęďěáâćěŋŋő ŋãńî ŋă [a, b] . Ŕő ńěňňě 3.1, h_∗(t) = λh_0(t) ŋă [a, b] , ŕàĺçñň λ ≠ 0 . Ŋő h_∗(b) = 0 . Ğŋăçĺâ, ĺ h_0(b) = 0 , çâő ŕàőâĺćőàěçĺâ ãáńőćĺî âěőàěňë. Šěőàěňă ďőłăğăŋă.

Ćëïáŋĺň, łăłãî àőńì ĺčàăěâ ŕőńőęĺâěńìŋőáâì D(h) ŕàĺňěŋĺâěńìŋő ł ğăďăçě (1.1).

Šěőàěňă 3.2 Ŕàěďŕőńőęĺň, çâő àěèěŋĺě ğăďăçĺ (1.1) áãéěáâćãěâ. Ěáńĺ łćăďàăâĺçŋăï äőàňă D(h) , áőőâćěâáâćãîéăï łćăďàăâĺçŋőňã äãŋłæĺőŋăńã Q(x) , ŕőńőęĺâěńìŋă, âő àěèěŋĺě ğăďăçĺ (1.1) ěďĺŋáâćěŋŋő.

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ďőŕãáâĺň, çâő ğăďăçă (1.1) ĺňěěâ ďćă àăğńĺçŋëå àěèěŋĺï x_∗ ĺ x_1 . Őąőğŋăçĺň h_1 = x_1 − x_∗ . Őçěćĺďŋő, çâő h_1 ∈ C^1_0 [a, b] ĺ h_1 ≢ 0 ŋă [a, b] . Ŋă őáŋőćăŋĺĺ (1.2) ĺ (1.5) ĺňěěň

Q(x_1) = Q(x_∗ + h_1) = Q(x_∗) + D(h_1).

Šăł łăł Q(x_1) = Q(x_∗) , âő D(h_1) = 0 . İâő ŕàőâĺćőàěçĺâ ŕőńőęĺâěńìŋőáâĺ D(h) . Šěőàěňă ďőłăğăŋă.

Ěáâěáâćěŋŋëň ďőŕőńŋěŋĺěň ł âěőàěňě 3.2 ïćńïěâáï áńěďãîéěě ãâćěàęďěŋĺě.

Šěőàěňă 3.3 Ŕãáâì čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ h_0(t) ŕőńőęĺâěńìŋő ŋă (a, b) ĺ h_0(b) = 0 . Ěáńĺ x_∗ | àěèěŋĺě ğăďăçĺ (1.1), âő ćáñ ňŋőęěáâćő àěèěŋĺľ íâőľ ğăďăçĺ ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x(t) = x_∗(t) + λh_0(t), λ ∈ R. (3.1)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ć ďăŋŋőň áńãçăě h_0 ∈ C^1_0 [a, b] ĺ D(h_0) = 0 . Ďńï ńîąőčő ŕńăŋă x ćĺďă (3.1) áőčńăáŋő (1.2) ĺ (1.3) ĺňěěň

Q(x) = Q(x_∗ + λh_0) = Q(x_∗) + λ^2D(h_0) = Q(x_∗),

âăł çâő x | àěèěŋĺě ğăďăçĺ (1.1).

Ŋăőąőàőâ, ćőğìňñň ŕàőĺğćőńìŋőě àěèěŋĺě x ğăďăçĺ (1.1) ĺ ŕőńőęĺň h_∗ = x − x_∗ . Őçěćĺďŋő, çâő h_∗ | ďőŕãáâĺňăï ćăàĺăæĺï. Łăł őąëçŋő, ğăŕĺèěň Q(x) = Q(x_∗ + h_∗) = Q(x_∗) + D(h_∗).

Šăł łăł Q(x) = Q(x_∗) , âő D(h_∗) = 0 . Ŕő ńěňňě 3.1, h_∗ = λh_0 ŋă [a, b] . Şçĺâëćăï őŕàěďěńěŋĺě h_∗ , ŕàĺåőďĺň ł ŕàěďáâăćńěŋĺî (3.1). Šěőàěňă ďőłăğăŋă.

4. Śåěňă àěèěŋĺï łćăďàăâĺçŋőľ ćăàĺăæĺőŋŋőľ ğăďăçĺ

Ćěàŋñňáï ł łćăďàăâĺçŋőľ ćăàĺăæĺőŋŋőľ ğăďăçě

Q(x) := b∫ a { p(x^′)^2 + qx^2 − 2fx } dt −→ min, x(a) = A, x(b) = B, x ∈ C^1[a, b]. (4.1)

Ŕàőćěďñŋŋëľ ć ŕàěďëďãéĺå àăğďěńăå ăŋăńĺğ ŕőğćőńïěâ ŕàěďńőęĺâì áńěďãîéãî áåěňã ěñ àěèěŋĺï.

1. Ŕàőćěàïěň ćëŕőńŋěŋĺě ãáńőćĺľ q, f ∈ C[a, b], p ∈ C^1[a, b], p(t) > 0 ŋă [a, b]. 2. Ěáńĺ őŋĺ ćëŕőńŋěŋë, ŋăåőďĺň čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ −(ph^′)^′ + qh = 0, h(a) = 0, h^′(a) = 1.

Őąőğŋăçĺň ěčő h_0(t) .

3. Ěáńĺ h_0(ξ) = 0 ŕàĺ ŋěłőâőàőň ξ ∈ (a, b) , âő inf_{x∈Ω} Q(x) = −∞. Ğăďăçă (4.1) ŋě ĺňěěâ àěèěŋĺï. Ĺŋăçě ŕěàěåőďĺň ł őçěàěďŋőňã ŕãŋłâã.

4. Řěèăěň łàăěćãî ğăďăçã Ÿâãàňă|Ńĺãćĺńńï −(px^′)^′ + qx = f, x(a) = A, x(b) = B. Ŕãáâì x_∗ | àěèěŋĺě íâőľ ğăďăçĺ. [Őâňěâĺň, çâő áãéěáâćőćăŋĺě àěèěŋĺï ŋě čăàăŋâĺàãěâáï, àăćŋő łăł ŋě ĺáłńîçăěâáï ŋăńĺçĺě ąěáłőŋěçŋőčő ňŋőęěáâćă àěèěŋĺľ | áň. ŕàĺňěàë ŋĺęě.]

5. Ěáńĺ h_0(b) > 0 , âő x_∗ | ěďĺŋáâćěŋŋőě àěèěŋĺě ğăďăçĺ (4.1).

Ěáńĺ h_0(b) = 0 , âő ćáñ ňŋőęěáâćő àěèěŋĺľ ğăďăçĺ (4.1) ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x(t) = x_∗(t) + λh_0(t), λ ∈ R.

Ŕàĺňěà 1 Řăááňőâàĺň łćăďàăâĺçŋãî ćăàĺăæĺőŋŋãî ğăďăçã

Q(x) := π/2∫ 0 { (x^′)^2 − x^2 } dt −→ min, x(0) = 0, x(π/2) = 1, x ∈ C^1[0, π/2].

(4.2)

Ć ďăŋŋőň áńãçăě p(t) ≡ 1 , q(t) ≡ −1 , f(t) ≡ 0 . Ćáě ŋěőąåőďĺňëě ãáńőćĺï ćëŕőńŋěŋë. Ŋăľďñň čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ

−h^{′′} − h = 0, h(0) = 0, h^′(0) = 1.

Őąéěě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ ĺňěěâ ćĺď

h(t) = c_1 cos(t) + c_2 sin(t).

Ćëďěńĺň čńăćŋőě àěèěŋĺě: h(0) = 0 =⇒ c_1 = 0 ; h^′(0) = 1 =⇒ c_2 = 1 . Šăłĺň őąàăğőň, h_0(t) = sin(t) . Ĺňěěň h_0(t) > 0 ŋă [0, π/2] .

Řěèĺň łàăěćãî ğăďăçã Ÿâãàňă|Ńĺãćĺńńï −x^{′′} − x = 0, x(0) = 0, x(π/2) = 1. Ĺğ őąéěčő àěèěŋĺï x(t) = c_1 cos(t) + c_2 sin(t) ćëďěńĺň âő, łőâőàőě ãďőćńěâćőàïěâ łàăěćëň ãáńőćĺïň: x(0) = 0 =⇒ c_1 = 0 ; x(π/2) = 1 =⇒ c_2 = 1 . Ŕőńãçăěň x_∗(t) = sin(t) . Ŕőáłőńìłã h_0(π/2) > 0 , âő x_∗ | ěďĺŋáâćěŋŋőě àěèěŋĺě ğăďăçĺ (4.2).

Ŕàĺňěà 2 Ć ğăďăçě (4.2) ğăňěŋĺň π/2 ŋă π . Ŕàĺďñň ł âăłőľ ğăďăçě:

Q(x) := π∫ 0 { (x^′)^2 − x^2 } dt −→ min, x(0) = 0, x(π) = 1, x ∈ C^1[0, π].

(4.3)

Čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ ŋě ĺğňěŋĺâáï h_0(t) = sin(t) , ŕàĺçñň h_0(t) őáâăñâáï ŕőńőęĺâěńìŋëň ŋă (0, π) .

Őąàăâĺňáï ł łàăěćőľ ğăďăçě Ÿâãàňă|Ńĺãćĺńńï:

−x^{′′} − x = 0, x(0) = 0, x(π) = 1. (4.4)

Ĺğ őąéěčő àěèěŋĺï x(t) = c_1 cos(t) + c_2 sin(t) ćëďěńĺň âő, łőâőàőě ãďőćńěâćőàïěâ ŕěàćőňã łàăěćőňã ãáńőćĺî: x(0) = 0 =⇒ c_1 = 0 . Ćâőàőě łàăěćőě ãáńőćĺě x(π) = 1 ŕàĺŋĺňăěâ ćĺď c_2 sin(π) = 1 . Őŋő ŋě ćëŕőńŋïěâáï ŋĺ ŕàĺ łăłőň c_2 . Ğŋăçĺâ, ğăďăçă (4.4) ŋě ĺňěěâ àěèěŋĺï.

Ŕőłăęěň, çâő ć ďăŋŋőň áńãçăě inf_{x∈Ω} Q(x) = −∞ . Ćőğìňñň ŕőáńěďőćăâěńìŋőáâì ŕńăŋőć

x_n(t) = 1 π ( t + n sin(t) ) , n = 1, 2, . . . Ĺňěěň

Q(x_n) = 1 π^2 π∫ 0 {( 1 + n cos(t)

)_2 − ( t + n sin(t)

)_2} dt =

= 1 π^2 π∫ 0 (1 − t^2) dt + 2n π^2 π∫ 0 [ cos(t) − t sin(t) ] dt. Ŕőáłőńìłã − π∫ 0 t sin(t) dt = t cos(t) | | |^π_0 − π∫ 0 cos(t) dt, âő Q(x_n) = 1 π^2 π∫ 0 (1 − t^2) dt − 2n π . Őçěćĺďŋő, çâő Q(x_n) → −∞ ŕàĺ n → ∞ .

Ŕàĺňěà 3 Ć ğăďăçě (4.3) ğăňěŋĺň ćâőàőě łàăěćőě ãáńőćĺě x(π) = 1 ŋă x(π) = 0 . Ş ŋőćőľ ğăďăçĺ

Q(x) := π∫ 0 { (x^′)^2 − x^2 } dt −→ min, x(0) = 0, x(π) = 0, x ∈ C^1[0, π],

(4.5) čńăćŋőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ őáâăŋěâáï âěň ęě h_0(t) = sin(t) . Śőåàăŋïěâáï ĺ ěčő ŕőńőęĺâěńìŋőáâì ŋă (0, π) . Ůâő łăáăěâáï łàăěćőľ ğăďăçĺ Ÿâãàňă|Ńĺãćĺńńï

−x^{′′} − x = 0, x(0) = 0, x(π) = 0,

âő âěŕěàì őŋă ąãďěâ ĺňěâì ąěáłőŋěçŋőě ňŋőęěáâćő àěèěŋĺľ x(t) = c_2 sin(t) . Ćőğìňñň àěèěŋĺě x_∗(t) ≡ 0 , áőőâćěâáâćãîéěě łőíääĺæĺěŋâã c_2 = 0 . Şçĺâëćăï àăćěŋáâćő h_0(π) = 0 , ŕàĺåőďĺň ł ćëćőďã ő âőň, çâő ćáñ ňŋőęěáâćő àěèěŋĺľ ğăďăçĺ (4.5) ďőŕãáłăěâ ŕàěďáâăćńěŋĺě x(t) = λ sin(t), λ ∈ R. Ć ğăłńîçěŋĺě őâňěâĺň, çâő ĺáŕőńìğőćăŋŋëľ ć ďăŋŋőľ áâăâìě íńěňěŋâăàŋëľ ŕőďåőď ŕőğćőńïěâ àěèăâì ĺ ąőńěě áńőęŋëě ćăàĺăæĺőŋŋëě ğăďăçĺ [1]. Ďăńìŋěľèĺě áćěďěŋĺï ő ćăàĺăæĺőŋŋőň ĺáçĺáńěŋĺĺ ňőęŋő ŋăľâĺ, ŋăŕàĺňěà, ć [2{5].

Ńĺâěàăâãàă

1. Łĺàãèěć Ć. Ă., Ňăńőğñňőć Ć. Ŋ., Ŕěćŋëľ Ă. Ą. Ţćőáâ ďàăłőŋă // Ęãàŋ. ćëçĺáń. ňăâ. ĺ ňăâěň. äĺğ. 1997. Š. 37. ò 11. Ś. 1362{1369.

2. Ąãáńăěć Ć. Ś. Ćăàĺăæĺőŋŋőě ĺáçĺáńěŋĺě. Ń.: Ĺğď-ćő ŃČŞ, 1980.

287 á.

3. Ăńěłáěěć Ć. Ň., Šĺåőňĺàőć Ć. Ň., Ťőňĺŋ Ś. Ć. Őŕâĺňăńìŋőě ãŕàăćńěŋĺě. Ň.: Ŋăãłă, 1979. 429 á.

4. Śňĺàŋőć Ć. Ĺ. Łãàá ćëáèěľ ňăâěňăâĺłĺ. Š. IV. Ůăáâì I. Ĺğď. 6-ě.

Ň.: Ŋăãłă, 1974. 336 á.

5. Ňĺåńĺŋ Ś. Č. Łãàá ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ň.: Ťĺğňăâčĺğ, 1968.

575 á.