Department of Computer Science

cskar e]ia.ru

University of Petrozavodsk

Kirill A. Kulakov
Generating Systems of Non-negative Linear Diophantine
Equations

homANLDE system

Associated with CF-grammar homogeneous system of non-negative linear diophantine
equations

E™(Io, I, ..., I)x = Az, E™(Io,I,,...,1,) € {0,1}"™ A ez

Partition of finite natural scale interval I" = {ly, I1, ..., I,}, I C {1,2,---}.
Partition matrix E™(I") = E"(Iy, I1, ..., 1I,) € {0, 1}

B =1L ien, k=120, i=12._.m.

Hilbert basis — a set of undecomposable solutions H = {h1), .. h@}.
Generating problem
Build homANLDE system and its Hilbert basis based on given parameters.

Input: generating parameters — number of equations m and unknowns m, maximum size
of coefficients, maximum size of Hilbert basis, etc.

Output: E™(Iy, I, ..., I,), A, H.

Generating algorithms used in the Web-SynDic system, designed for remote demonstration
and testing of solving algorithms for homANLDE systems.

http://websyndic.cs.karelia.ru



Transformation of arbitrary hom ANLDE system

Theorem 1 Let an arbitrary homANLDE system with n equations and m unknowns:
E™(L,..., I,)x = Ax. (1)

The problem of searching Hilbert basis for system (1) can be reduced to the problem of
searching Hilbert basis either for the equation:

Z xT;, = Z Qp; Ty, (2)
1ely 1eJ
for some k € N, where I}, C I, and J C N,,; or for the system of equations:

Z%’ZZ%’, er (3)

iely, j€JT,

p p n
for some p € Ny, where I C Iy, and U Ji, = U I}, € U I = Ny
=1 j=1 k=1

hom ANLDE system generating algorithms

Jordan algorithm. homANLDE systems like (3) with unitary matrix and addition an
unknowns with zero values. Common system view (I|B)x = (I|B + A). Published in
2005 year.

Gauss algorithm. homANLDE equations like (2). In each step of reverse transformation
one unknown is added. Common system view (I|B)z = (O|A4|B + A). Published in
2005 year.

Extgauss algorithm. homANLDE equations like (2). In each step of reverse
transformation one or more unknowns are added.

Symsystem algorithm. homANLDE systems like (3) in common case.

Comsystem algorithm. homANLDE equations like (2) or homANLDE systems like (3).
In case of build (3) the system adds by unknowns with zero values. In each step of reverse
transformation one or more unknowns are added.



Extgauss algorithm

The idea is to build equation (2) in common view:

k,—1 m
Z x; = Zam-xi,n <kp1<k,—1<m,ay >0
’L':knfl Z:kn

and execute reverse transformation.

The homANLDE system common view:
(I["B)x:(@‘AJF‘BJrA)x

Formal description:

Input: n — number of equation, m — number of unknowns, n < m.
Output: (E™ A, H).

1. generating randomly a number p € {0,...,m —n — 1} and sequence 0 < k; < -+ <
kn=n+p+1;

2. generating randomly a matrix B € {0, 1],”””((””“"*1’)7 Vk S By =1;
i=1

3. generating randomly a matrix A € Z}” (m_n_p), Vi A, >0;

ALk oo al(nﬂp)
0 0 n
4. generating randomly a matrix A, A, = 2k, @2(n+) , a;j =0,
0 0
air > 0, k; <1t < kiyq;
1 1 O oo 0
0 01 10 ..., 0
5. Compute matrix I', I’ = ;
O 01 1

6. E"(I")=(I'|B),A=(0|A;|B+A);

7. Using reverse transformation build Hilbert basis H.



Symsystem algorithm

The idea is to generate homANLDE system (3). The matrix of coefficients £— A corresponds
to the incidence matrix of some directed graph. The basis solution corresponds to the circuit.

The homANLDE system common view
Em(ll, ceey In)l’ = Em(Jl, ceey Jn)ZC

Formal description:

Input: n — number of equations, m — number of unknowns, 0 < n < m.
Output: (E™(I1"),E™(J"), H).
1. Generating randomly matrix E™(I™) and E™(I");

2. Compute Hilbert basis H.

homANLDE system example

TAB + XTAC + TAD = TCA
TBA +XTBD = TAB + IDB
TcA+ Tecp = TAC + TDC
TpA+ Tpp +Tpc = TAD + TBD + T

Corresponded directed graph

Set of circuits
ABDCA, ADCA

Hilbert basis
Vi £L‘Z'=0, ZCAB=1, £L‘BD=1, ZIZDC:L £L’CA=1

Vi xi:O7 xAD:]w xDC:17 I'CAzl



Comsystem algorithm

The idea is to generate either equation (2) or homANLDE system (3) and process reverse

transformation.

The homANLDE system view:

E'| B Al B+A
@‘B//‘B/ @‘B”—I—A"Bm

Formal description:

Input: n — number of equations, m — number of unknowns, n < m.

Output: (E™ A, H).

1.

Generate randomly numbers 0 < g <n,0<p<m—q, 0 <t <m—q—pand sequence
O<hki < ---<ky=q+p+1;

. Generate randomly matrix B € {0, 1}q>< m=q-p), B’ e {0, 1} (m=a=p=t) " pr ¢

{0 1}71 q><t7 = 177m—q—p—t ;Bl(t+])+;Blj = 1, \V/j f

q n—q
L...,t Y. B+ Bi=1
1=1 1=1

. Generate randomly matrix B € {0, 1}("*‘1)”"“(1*174)7 Vi, BZ’.;.’ =1
. Generate randomly matrix A € an(m 4-p) Vi Ay > 0;

. Generate randomly matrix A’ € Zﬁl_q)m, Vi AL >0

. Generate randomly matrix Al € 797 (a+p), A =
0 ... 0 Alky -+ AU(ky—1) Alky o vveeee e A1(q+p)
0 ... 0 0 . 0 0 a2 (q+p) .
O 0 . 0

. Generate randomly matrix E' € Za*a+p), E’ =
1 1O o 0
0 0 1. 10 ... 0
0 01 1

£’ B A B+ A
'Em([n):(@}B//‘B/>>A:< @;—}B”—I—A,‘B”/>;

. Using reverse transformation compute Hilbert basis H.



An example of transformation homANLDE system to (2)

homANLDE system
1+ 9 = 219+ 13+ 314
T3 = 2x4+ 75
T4+ x5 = 3x9+ 275

The sum of equations
—r1 +4x9 + 424+ 2205 =0

Exclude equation 1 and unknown x4
1)) + 3 + 31'4 - Tl(.%’Q, X3, T4, .%’5)
homANLDE system after transformation

T3 = 2x4+ 75
T4+ x5 = 3r9+ 215

The sum of equations
3Ty —x3+ x4+ 205 =0

Exclude equation 1 and unknown x3
r3 = 2x4 + x5 = To(x2, T4, T5).

homANLDE system transforms to the equation (2)

Ty + x5 = 3x9+ 275
Hilbert basis for the equation
3 0 D T
H = 1], 1 L2y
0 1 D Ts

Using rules for x; and x3 compute Hilbert basis
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An example of transformation homANLDE system to (3)

homANLDE system

r1+x3 = x1+ 313
) = X9+ 5.%’3
T4 = 2.%’1 + 3%2 + 7.%’3

The sum of equations
2x1 + 319+ 1423 — 24 =0

Exclude equation 3 and unknown x4
xy = 221 + 3x9 + Twg = T1(x1, o, T3)
homANLDE system after transformation

Tr1+x3 = $1+3$3
) = $2+5$3

The sum of equations

75L‘3 =0

Set x3 = 0 and exclude z3. homANLDE system transforms to (3)
rp = I
Ty = X9

Hilbert basis

= 1(0) (1))

Using rule for x4 compute Hilbert basis for homANLDE system:
0

N O D =
w o =



