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What is Nonnegative Linear Diophantine Equation (NLDE)?
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Diophantness: solutions are integer, � �� �� � � �� �� � � � ! "

Nonnegativness: solutions are nonnegative, � �# �
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Hilbert basis of NLDE system

Consider NLDE system: � � � � . There exist finite sets and � :
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for some � �� � � and� � �  �

Solution � is minimal if there is no solution �� such that �� � �

(component-wise partial order: �� � � � � , �� � �� �� � � � � )

all minimal solutions of � � � � ,

� all minimal solutions of � � � � (homogenous system),

�� all solutions of the homogenous system,

� �� all solutions of the original system



An Example

NLDE system of 2 equations in 4 unknowns and its homogenous case:
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Problem of Solving NLDE

Solvability: has NLDE a solution?

Particular solution: find a solution

Hilbert basis:

� search the basis

� how many elements in the basis?

� given solution = a basis solution ?

� given set of solutions = Hilbert basis?

� . . .

Complexity of Solving NLDE

The source of a rich family of complexity problems

Solvability & Particular solution: has NLDE a solution? find a solution

� Polynomial for homogenous NLDE

� NP-complete in general case

Hilbert basis: over-NP in general case

� search the basis —

�

�
�

depends exponentially on size ( � , � ,

� �

� � �
� �

)

� how many elements in the basis? — #P-hard and in #NP

� given solution = a basis solution? — coNP-complete

� given set of solutions = Hilbert basis? — is the set is basis of some NLDE system?

Universal solvers are not adequate for practical use!

special purpose NLDE
solvers

Interrelationship: NLDE � Formal grammars

Diophantine Analysis Syntax Analysis

Ax=b

ANLDE
S

grammars

NLDE
Formal

G

Solutions

x
v =>* w

derivations

2. generalized
derivations

1. syntactic
construction

algorithms
3. polynomial



Associated with formal grammar ANLDE system

Grammar � and strings � , �

� rules ( � � )

� nonterminals ( � � )

� terminals ( � � )

Derivation in �

�� � �

ANLDE system � � � �

� unknowns ( � � )

� � � equations ( � )

Solutions

� � �	 �

� — the number of applications of grammar rules in �� � �

� — rules structure (occurrences of symbols)

� — � � � structure (occurrences of symbols)

Associated with formal grammar ANLDE system
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Solutions and Derivations

standard derivation �� � �

� � by construction � �

� � ? � �

solution � � � � �

generalized derivation

�
�� � �
� � � solution � � � � �

Three-component solution:

� � �� ��� � � � 	 � � � ��

Generalized derivation:
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Homogenous ANLDE Systems
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Polynomial complexity
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Hilbert basis Particular solution
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Experimentally: time is 
�� � �
�

in the most test cases

� more than 1 billion of test ANLDE systems

� coefficients � � � :  ���

� unknowns and equations:  �� �



Experimental plots
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The number of variables, m
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The number of solutions

Experimental total time complexity as a function
on the number of unknowns

Experimental total time complexity as a function
on the number of solutions

The dimensions of the generated systems were in range: � �

�

� � �� � �
�

, � �
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,
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. The systems were generated in such a way that each of them has at least
one basis solution but not more than� � � .

Experimental analysis and testing

1. Think up an ANLDE system and solve it estimating the resources (time&space),
test the found solution

2. Construct a generator, generate a system and its solution, . . . ,
compare the found and original solutions

3. Compare the results with an alternative solver

4. More detailed analysis needs not a system, but a set of them:
generate a set and analyze how the solver solves all the systems

COMBINE THESE FEATURES TOGETHER,

MOVE THIS TO THE WEB SPACE . . .

AND YOU GET THE WEB-SYNDIC SOFTWARE SYSTEM

Conclusion

THE WEB-SYNDIC SYSTEM IS A TOPIC TO TALK

FOR THE NEXT PRESENTATION . . .
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